Chapter 8 Applications of Integrals

EXERCISE 8.1

Question 1:

Find the area of the region bounded by the curve »* =X and the lines ¥ =1,x =4 and the x-axis
in the first quadrant.

ar (ABCD) = ydx

Question 2:

Find the area of the region bounded by »* —9x,x=2,x =4 and the x-axis in the first quadrant.
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Solution:

ar(ABCD) = [ yax
= [3Vax

I 4

Question 3:

Find the area of the region bounded by ** =4y, =2,y =4 and the y-axis in the first quadrant.

Solution:
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ar(ABCD) = [ xdy

-2 =2 Gy
1

=%[(4)§ _(2)3] = %[8—2\5]

[(2-38)

3
Question 4:

Find the area of the region bounded by the ellipse 16 *

Solution:

X

It is given that

Area of ellipse = 4*a” (04B)
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ar (OAB) = I; ydx

=j43 Y
o>\ 16

= 5_[:\116— x*dx

4
BEIEN vl LI
=302 16~x +23m 4]0
:%-Zx/16—16+85in '(1)-0-8sin"' (0) |
]
al 2
3
=2[4
A
=3r

Area of ellipse =4x37 =127 units

Question 5:
x2

2
Y
A .
Find the area of the region bounded by the ellipse 4 % 9

Solution:

X

It is given that
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Area of ellipse = 4*@” (04B)
ar(OAB) = J;ydx

2
=J‘234/1—x—dx
0 4
=§r\;‘4—x2dx

2 il
2
:é[ixM—xz +%sin‘] %}

2|2 ;
_ 3| 2=
33
3
B
_ =ax e
Area of ellipse 2 units.

Question 6:

Find the area of the region in the first quadrant enclosed by x-axis, line x = V3y and the circle
¥’ +y’ =4

Solution:

ar (OAB) = ar{AOAC) + ar(ABC)

ar(AOAC) = %x OCx AC

=—x+3x]

¥3
2
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3 2
__3?r—27rﬂ_\[§“
__ 3 2
|z B

3 2

_V3 7
Therefore, required area enclosed 2 3

B_z
2 3 square units.

Question 7:

2 2 'x
Find the area of the smaller part of the circle " +»° =a” cut off by the line V2.

The area of the smaller part of the circle, * ‘+y’ =d’ cut off by the line, 2 , 1s the area
ABCD.

It can be observed that the area ABCD is symmetrical about x-axis.
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ar(ABCD)=2xar(ABC)

ar(ABC) = [, ydx
2

SL.E o

2
1
Therefore, the required area is 2 (2 J square units.
Question 8:

The area between ¥=»" and x=4 is divided into two equal parts by the line x =a, find the
value of a.

The line x =a divides the area bounded by the parabola and x =4 into two equal parts.
Therefore, 4" (OAD)=ar(ABCD)
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It can be observed that the given area is symmetrical about x-axis.

Hence, ar(OED) =ar(EFCD)

ar(OED) = j: vax
-]

o
3

52
3

2 o

=%aE 24(1)

ar(EFCD) = [ xdx

a

-2 8—03_‘ (2)
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From (1) and (2), we obtain

:}%(a)g =§[8—(a)§]
=% 2(.:.')2 =8
= (a)2 =

= a=(4)

2

Therefore, the value of 4= (4)7,

Question 9:

Find the area of the region bounded by the parabola ¥ =" and the line ¥ = o

The area bounded by the parabola ¥ =x" and the line ¥ = [« , can be represented as

The given area is symmetrical about y-axis.
Therefore, 4" (OACO)=ar(ODBO)

The point of intersection of parabola ¥ =" and the line ¥ = & ,1s A(L1),
ar(OA CO) = ar(AOAM) —ar(OMACO)

ar(&OAM) =%><OM x AM

=—x1x1

x
2
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ar (OMACO) = | ydx

1

= | x’dx
0

{5]

1
3
ar (OA C’O) =ar (AOAM) —ar (OM}4C0)
11
2 3
1
6

1
=2
Therefore, the required area [6}

1
3 units.

Question 10:

Find the area bounded by the curve X* =4y and the line x=4y-2.

Solution:

o oda e BA =

1
Al -1,
Coordinates of point [ 4].

Coordinates of point B(2,1),
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Draw AL and BM perpendicular to x-axis.
ar (OBAO} = ar(OBCO) + ar(OA CO)

ar (OBCO] = a.r(OMBC) —ar(OMBO)

2 2
-5

dx—j Z

gl L
42 12
R
8 2 12
7
T4
=[§+l]=2
Required area \6 24/ 8 units.

Question 11:
Find the area of the region bounded by the curve »* =4x and the line x=3.
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OACO is symmetrical about x-axis.
Therefore, @ (QACO)=2xar(AOB)

ar(04CO)=2| [ ya’x]

=2 j:Z\/’;dx]

-
3

=83

Required area is 8v/3 units.

Question 12:
Area lying in the first quadrant and bounded by the circle X 4" =4 and the lines x=0 and

x=21s

il
3

T i
(A) = (B) 2 (©) (D) 4
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Solution:

Correct answer is A.
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Question 13:

Area of the region bounded by the curve yi=dx, y-axis and the line ¥ =3 is

(A) 2

Solution:

Correct answer is B.

kd
(B) 4

°
(©) 3

i
“Je
=

k-2

=

: —_

B I )
4
£

kd
(D) 2
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EXERCISE 8.2

Question 1:

Find the area of the circle 4x° +4y* =9 which is interior to the parabola x* =4y

PPN () N
Solving 4x"+4y" =9 and x" =4y point of intersection 2) and 2),
Required area is symmetrical about y-axis.

ar(OBCDO) =2xar(OBCO)

Draw BM perpendicular to OA

Ji,o)

Coordinates of M are (

ar(OBCO) = ar (OMBCO) - ar (OMBO)
) 4x

I e [ "
L L‘-m@_z N

N
=l{xwf‘)—4x2 +-9-sin"ﬁ} wk x_
- 2 3], 4|3

[\F\a 8+2sm'l 2‘/_} l (\6)3
V2,9

NE)

12
V2 9. 22 V2
A 8 3 6
V2 922
8 3

12 |
A
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Required area OBCDO
i{ 2 9. 2f2]) |2 9. 280
=|2xX—| —+—sIn= —— =|—+—8In ——
4| 3 6 4 3

2 3 units.

Question 2:

Find the area bounded by curves (x=1) +)" =1 gnd 2> +y* =1,

Solving (x=1) +¥" =1 gnd x*+)* =1, point of intersection  \2 2 )and (2 2
Required area is symmetrical about x-axis.

ar(OBCAQ)=2xar(OCAO)
Join AB, intersects OC at M

AM is perpendicular to OC

2

M[l o)
Coordinates of 2
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ar (OCAO) = ar(OMAO) +ar (MCAM)
- : 1
— jozq/ —(x-1) dxﬁ% l—xzcbc}
] :
— le 1—(x—1)2+%sin'1(x—1)}2+[§\/1—x2+%sin‘1x}

0

L (2 L (L)L (1)H+;Sml(1)jt (1)
e Is S EOR ]

—

Required Area OBCAO is
[’)x{z_ﬁ_ﬁ:D = [2_ﬁ_£:|
e 32 | units.

Question 3:

Find the area of the region bounded by the curves ¥ =x"+2,y=x,x=0 and x=3
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ar (O('.'BAO ) =ar (ODBAO) - ar(OD(.'O)
= 3(x2 +2)dx—rxalx
(1] 0

Question 4:

Using integration finds the area of the region bounded by the triangle whose vertices are
(=1,0),(L3) and (3.2).

il 3}

BL and CM are perpendicular to x-axis.
ar(AACB) = ar( ALBA)+ar( BLMCB)—ar( AMCA)

Equation of AB is

y-0= ?(.m)

y=%(x+l)
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y=2(-x+7)

ar (BLMCB) = f%(—x+?)dx

5 3
1|
=—| —+x
2[2 }1
119 1
s o Greuige]
2[2 2 }
=4
Therefore, a7 (A4BC)=(3+5—-4)=4units
Question 5:

Using integration find the area of the triangular region whose sides have the equations
y=2x+Ly=3x+1 and x=4.
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Solution:

Vertices of triangle are A(0,1),B(4,13) apq C(4.9)

¥

B4, 13)
v=4
C 4.9

ar(AACB) = ar (OLBAO) - ar (OLCAO)
=[G +1)ax—[ (204 1)ax

{3,1'2 T [sz T
=|—+x| —| —+x
2 (] 2 (1]

=(24+4)-(16+4)

=28-20
=8
Question 6:
Smaller area enclosed by the circle x* + ¥ =4 and the line X+»=2 is
(A) 2(7-2) (B) -2 (C) 27 -1 (D) 2(7+2)
Solution:
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ar(ACBA) = ar(OACBO) - ar(AOAB)

= [Va-xax- [ (2-x)dx

0 ]

N EN e L PO 4
—[ 4—x +2mn 21 {2x 2}

2
{2%}[4-2}

z(n—Z)

Correct answer is B.

Question 7:
Area lying between the curve y*=4x and ¥y =2x is

2 1 ! 3
(A) 3 (B) 3 C) 4 (D) 4
Y
1 y=2x
3 v =4y
21 FAL2)
4
) (1L 0 )
K o 3 5 X

Points of intersection of curve ¥° =4x and ¥ =2x are 0(0>0) andA(lvz) .

Draw AC perpendicular to x-axis.

Coordinates of C are (1,0)
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ar(OBAO) = ar{AOCA) - ar(OCABO)

= J: 2~ | :2\,de

Correct answer 1s B.
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MISCELLANEOUS EXERCISE

Question 1:
Find the area under the given curves and given lines:

(i) y=x",x=1x=2 and x-axis

() y=x"x=1x=5 and x-axis

(i) y=x",x=Lx=2 and x-axis

4 &

- L) .
vl al A [#] X
LR B .
k| ‘___'_1 F'|. b
ar (ADCBA) = f ydx
= quzdx
3 |
8.1
3 3
el
3
(i) y=x".x=1,x=5 and x-axis
Yad 1 -
l{/
il H ol
y ol I X
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Question 2:

Find the area between the curves ¥ =X and ¥ =X,

Solution:

y!

Point of intersection of ¥ =x and y =xjs A (1,1).

Draw AC perpendicular to x-axis.
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ar(OBAO) = ar (AOCA)—ar(OCABO)
= [ x| xdx
o {

{5]5]

Question 3:

Find the area of the region lying in the first quadrant and bounded by ¥ = 4x’,x=0,y=1 and
y=4,

Solution:
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Question 4:

0
Sketch the graph of V= ¢ +3] and evaluate L"H' 3\dx_

Solution:

(x+3)<0 for —6<x<-3 and (¥*+3)20 for 3<y<0

J|;|(x+3)|dx= —I_:[x+3)cix+‘[:(x+3)dx
7+3xj| 5 4{;

o

2

(-6)°

2

al

Question 5:

-(-_—32;4-3(-3)

-

)

Find the area bounded by the curve ¥ =sinx between x=0 and x =27 .


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Area bounded by the curve = Area OABO + Area BCDB

ar(OABO)+ar(BCDB) = j: sin xdx + J-” sin xafx|

n

=[-cosx] + ‘[— cos x|
=[-cos7 +cos0]+|-cos27 +cosm
=1+1+|(-1-1)

=2+|-2|

=242

=4

Question 6:

Find the area enclosed between the parabola y* =4ax and the line y = mx .

1
= = dax

v da  da
B EI-J"'? (L] }

0,0
0, lO

X

g
Y

v r

]

Points of intersection of curves are (0,0) and (mz m
Draw AC perpendicular to x-axis.

iﬂﬁ]
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ar(OABO) = ar(OCABO)—ar(AOCA)

3m* 2| m'
B 324’ 8a

3> m’
_ 8a’
3

Question 7:
Find the area enclosed by the parabola 4y =3x" and the line 2y =3x+12.

Solution:

Points of intersection of curves are A(_2=3) and B (4=12).
Draw AC and BD perpendicular to x-axis.
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ar(OBAO) = ar(CDBA)—ar(ODBO +0ACO)

2
[ Saxe2)ade- [ a
29 2 4

2 4 34
21 2 g 4| 3 i
=%[24+48—6+24]—%[64+8]

~3[%0]-3(7]

=45-18
=07

Question 8:

y2

% Xy
_— 1 —+==1
Find the area of the smaller region bounded by the ellipse 9 * 4 and the line 3 2 .

Solution:
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ar (BCAB) = ar(OBCAO] » ar(OBAO)

[ 1——ai‘c jz(l-—}ax

:EI 9— xa‘}c}——f (3—x)dx
T 2
LN e ‘—} —E[3x—x—}
3] 2 . B 2 |,
_2'9[1] _2[9_2]
3212/ 317 2
_2_9_”_2}
314 2
%Xg(n_z)
-3(x-2)

Question 9:

a4 a
- -
X

— =]
Find the area of the smaller region bounded by the ellipse « ’ b’ and the line

Solution:

(0, )
A

A~

X
a

LY
b

=1
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ar (CBA) = ar(OBCAO) - ar(OBAO)

2 a
:J'O b 1—%«:&'—_‘; b(l—z dx

2 N 217
=Q f\!az—xz +L gin ' —Iax—x—
al |2 2 a b

o L2
{56051

Question 10:

Find the area of the region enclosed by the parabola x* =y the line ¥ =x+2 and x-axis.

Solution:

Point of intersection of X’ = and ¥ =x+2 , 18 A(—l,l) and C(2:4).

y=xt+2
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Now required Area = Area of trapezium ALMB- Area of ALODBM
. 2 _ 2 5
ar (irap ALMB) - ar (ALODBM ) = [ (x+2)dx~ | x’dx

Xz 2 XS i

2 -1 > Jg
={2+4—~l+2:|—[§+l}
2 3 3

Question 11:

Using the method of integration find the area bounded by the curve |x| + ‘J’ | =1
[Hint: The required region is bounded by lines x+y=Lx-y=L-x+y=land —x—-y=1]

Curve intersects axis at points A(Orl)aB(L-O)?C(UF') and D(‘LO)_

Curve is symmetrical about x-axis and y-axis.
ar(ADCB) = 4 ar (OBAO)

=4f (1-x)dx
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Question 12:

Find the area bounded by curves {(X y):yzxandy= \x\}

Required area is symmetrical about y-axis.

Required area = 2[Area (OCAQO) — Area (OCADO)]

2[ar(OCAO) - ar(OCADO)] =2 _[01 xax~ _rzdr:|

A1}
AL

A

Question 13:
Using the method of integration find the area of the triangle ABC, coordinates of whose

vertices are A(2,0),B(4,5) and C(6:3).
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Solution:

Equation of AB is

2y-10=-2x+8
2y=-2x+18

Y==%+9
Equation of CA is

0-3
B 5
py-3=o—5lx=6)

—4y+12=-3x+18
4y=3x-6

y=-(5-2)
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ar ( AABC) =ar (ABLA) +ar (BIMCB) —ar (A CMA)

:J'24§(x~2)dx+ J.:(—x+9)dx—j.:§(x —2)dx

5| x? R ° 3y ¢
20X | | ZErox| 2| E s
202 T2 T, a2 T,

=%[8—8—2+4]+[—18+54+8—36]—%[18—12—2+4]

3
=5+8——(8
L®)

=13-6
=T units.

Question 14:
Using the method of integration find the area of the region bounded by lines:

2x+y=4,3x-2y=6 gnd x-3y+5=0_

Solution:

AL and CM are perpendicular on x-axis.
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ar (A4BC ) =ar (}'LUVIC»T) —ar (ALB) —ar(CMB )

—j4(’c+3dx] [*(a-2x)c- j[% 6}fx

——{—-I-le = 4= ] —-{—-6 T

:l{8+20—l—5]—[8—4—4+1]—l[24—24—6+12]
3 2 2
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Question 15:

32 2. A
Find the area of the region {(x y): ¥t <dx,4x’ +4y° < 9}

A
5F
i
2407
2 A= -~
X o o . ., o, B\
-5 -4 -3 -2 -] = 2
[ T— "“-I _,." I

3

(3 37
Points of intersection of curves are \ 2 and \ 2 .
Required area is OABCO.

Area OABCO is symmetrical about x-axis.
Area OABCO = 2x Area OBC
ar (OBCO) = ar(OMC )+ ar (MBC)

=I§2J;dx+j§%\f9—4xzdx
- jfz&dx+j§ é,/(a)2 —(2x) dx
2
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put 2xt:>dx%

-1

b | =

Whenx——.,i=3and whenx—

ar(OBCO) = IO%ZJ;dx—O—%fJ@)Z () dr

o | W

3 |2

= 3
2 1|t 9 ¢
) I —~9-# + =sin”'| =
3 4|2 2 3
L2 o

A AT e (e 22

2ot )2 (3]

om 9 _1[1] N2
sin

8 6
Or 9 ,(]] 1
=———81n — |+—

8 4 3] 32

Area bounded by the curve ¥ = X’ | the x-axis and the coordinates x=-2 and x=1 is
15 15 17

(A) -9 (B) 4 C) 4 (D) 4
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() |
required area = J._j vdx + J'r} ydx
= _[_(Zx;derJ-[:x}dx
2]
L 4 -2 4 ]
[ 4
|2 +1]
4 4

4)" 4

Correct answer is D

Question17:

The area bounded by the curve Y = xx , x-axis and the coordinates x=-1 and x=1 is given

by
[Hint: ¥=x" if x>0 and ¥=—*" if x<0]

2
3

1
(A) 0 (B) 3 (C) (D)
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AVA &

¥=xix
| L
ol B(l.1)
C
- -
rl A
¥ i-np X
¥--Y ¥
x=-1 ¥ 1=
required area = .[—]1 ydx
=j_]|x|x‘dx
:J-j x’dx+ [:xzd_x
9l 4 37!

X X

3 -1 3 0

( '1J 1
=—| —— |4+ —

3) 3

=2

3

Correct answer is C.

Question 18:

The area of the circle x* +»” =16 exterior to the parabola ¥* = 6x .
4 4 4 4
Z(4n -3 Z(an +43 Z(87 -3 Z(87+4/3

(A)S(n J3) (B)B(mf) (C)3(’r J3) (D)3(“‘/_)
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Required area = 2[ Area (OADO) + Area (ADBA)]

2 ar(OADO)+ ar (ADBA) | - 2“02 Voxde+ [ V16— 5 dx}
=2 oxdv+ 2[ V16— dx
=26 [[ xan 2 V16 dx

m;wz[am%m'ﬁﬂ:
X S
16\/_ {8 SR NN SX—}

3

163
= + —
3
1633+ 241 123 -8z

3
434167
-3

:i 4n+\/§ URnits
3L4m 3
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Area of circle =z (r)’
(4
=l6r

required area =16m — %[43 + \)6]
=%[4x3n—4n—\/§]
:%(BE—\@)

Correct answer 1s C.

Question 19:

T
. <x<—
The area bounded by the y-axis, ¥ =cosx and y =sinx when O=x= 2.
() 2(¥2-1) (B) 2 -1 (C) V2 +1 (D) V2
"i"l
1= Qs X yTsux
A [
]
T |
. Tz .
- .
0 cx
2
Y'y

Required area = Area (ABLA) + Area (OBLO)
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ar(ABLA) +ar (OBLO) = .[11 xdy + J.\/IE xdy
o 0

1
1 i
= I L cos | ydy + J.OVE sin ' xdy
;3

Correct answer is B.
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