Chapter 5 Continuity and Differentiability

EXERCISE 5.1

Question 1:

Prove that the function /(¥)=5x=3 is continuous at x =0 , x=-3and at x=5.

The given function is f (I ) =5x-3
Atx=0,(0)=5(0)-3=-3
lim f'(x) =lim(5x-3)=5(0)-3=-3

~lim £ (x) = £(0)

Therefore, ./ is continous at x =0.

Atx=-3,f(-3)=5(-3)-3
lim f'(x)z I1'm(5x—3)=5(—3)—3 =—18

< lim f(x) = f(=3)

Therefore, / is continous at x =-3.

Atx=5,f(5)=5(5)-3=22
lim f(x) =lim(5x—3) =5(5)-3=22
~lim £ (x) = £(5)

Therefore, ./ is continous at x =5.

Question 2:

Examine the continuity of the function / () =2x"—1 gt =3,

The given function is ./ (x)=2x* -1
Atx=3,1(3)=2(3) ~1=17
lim f (x) =lim(2x* -1) =2(3*)-1=17

< lim £ (x) = 1 (3)

Therefore, ./ is continous at x =3.

Question 3:
Examine the following functions for continuity.

@) f(x)=x-5
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: 1
Gy =73
f(x):x:is,.m—S
X

(iii) -
(v) S(x)=]x=3,x#5

(i)  The given function is / (x)=x-5
It is evident that / is defined at every real number & and its value at k is k—5.
It is also observed that

lim /'(x) =lim(x—5)=k-5= 1 (k)
~Xim £ (x) = f (k)

Hence, ./ is continuous at every real number and therefore, it is a continuous function.

1
() = ik
(1)) The given function is /(%) 5" -

For any real number % # 5, we obtain

1 1
S )= 5= %5

Also

;(k):% (Ask=5)

Hence, / is continuous at every point in the domain of /* and therefore, it is a continuous
function.

x> =25
x+5

)= PR
(iii) The given function is * ™) 7

For any real number ¢ # -5, we obtain

x2-25 . (x+5)(x-5)

L“f;‘f(x)'l‘i‘}ﬁ:ﬂ‘.ﬂ - ""LII;I;I(X 5)=(c-5)
Also,

3 (e+5)(c=5)

rle) =L Ae=D) (s

clim £(x)= 11(c)
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Hence, / is continuous at every point in the domain of / and therefore, it is a
continuous function.

f( | { x, ifx< 5}
x)=|x-5=
(iv)  The given function is x-5, ifx=5

This function /f is defined at all points of the real line. Let ¢ be a point on a real line.
Then, ¢<5, ¢c=5 or ¢>5

Casel: c<5

Then, fle)=5-c
lim f x)—llm(S x)=5=¢

x—+C

i /()= £ ()

Therefore, / is continuous at all real numbers less than 5.

Casell: ¢=5

Then, f(c)=f(5)=(5_5):0
lim £ ()=l (5 1) = (5-5) =0
lim £ (x)= )=0

= lim f (x) = Tim £ (x) = f(c)

Therefore, 7 is continuous at x =5

= llm(x 5

Case III: ¢>5

Then, fle)=r(5)=c-5
e
<. lim f(x)=1(c)

Therefore, / is continuous at all real numbers greater than 5.

Hence, / is continuous at every real number and therefore, it is a continuous function.

Question 4:

Prove that the function / (¥)=X" is continuous at x = n , where n is a positive integer.
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n

The given function is ./ (x)=x

It is observed that / is defined at all positive integers, n, and its value at n is n".
Then,
lim f(n)= l_im(x") gl

wlim f(x) =/ (n)

Therefore, / is continuous at n, where 7 is a positive integer.

Question 5:

{x,ifxél

Is the function / defined by 5,ifx>1 continuous at x=0? At x=1? At x=22

B {x, ifx<1
The given function is 5,if x>1
At x=0,
It is evident that / is defined at 0 and its value at 0 is 0.
Then,

limf(x) =lim (x) =0

x—() x=»{)

~lim /' (x) =1 (0)

Therefore, ./ is continuous atx = 0.

At x=1,

It is evident that / is defined at land its value at 1 is I.
The left hand limit of /* at x =1 is,

I f{z)= gl =1

The right hand limit of /" at x =1 is,
o)1y

- lim £ (x)  lim £ ()

Therefore, / is not continuous atx = 1.

At x=2,

It is evident that /* is defined at 2 and its value at 2 is 5.
lim f(x) =lim(5) =5

~lim £ (x)= £(2)

Therefore, / is continuous atx =2 .
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Question 6:

)h{?,x-l-B, ifx<2

Find all points of discontinuity of /> where f is defined by - |2x-3, ifx>2,

{2.}:+3, ifx<2

X)= .

The given function is 2x=3, ifx>2

It is evident that the given function / is defined at all the points of the real line.
Let ¢ be a point on the real line. Then, three cases arise.

c<?2
c>2
c=2

Casel: c<2

fle)=2c+3

Then,

lim f(x)= Li$(2x+3) =2¢+3

< lim £ (x) =/ (c)

Therefore, ./ is continuous at all points x, such that x < 2.

Casell: ¢>2
Then,
f(e)=2¢-3

lim f (x) =lim(2x=3)=2c-3

lri_rﬂf(x): f(c)

Therefore, /* is continuous at all points x, such that x > 2

Case III: ¢ =2

Then, the left hand limit of / at x =2 is,
lim f(x)= lim (2x+3)=2(2)+3=7

The right hand limit of / at x = 2is,

lim f(x)=lim (2x-3)=2(2)-3=1
It is observed that the left and right hand limit of / at x =2 do not coincide.

Therefore, ./ is not continuous atx =2.

Hence, x = 21is the only point of discontinuity of /.
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Question 7:
|x|+3, ifx<-3
f(x)=9-2x, if -3<x<3

Find all points of discontinuity of /*, where / is defined by e

|| +3, ifx<-3
f(x)=9—2x,if -3<x<3

The given function is 6x+2, ifx23

The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ < -3, then f(c)=—c+3
lim f(x) =lim(-x+3)=—-c+3

X—=» R e

Li_l};lf(x) =i(e)

Therefore, / is continuous at all points x, such that x < -3
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Case II:

If c=-3, then /(- 3)=—(-3)+3=6
lim f(x )—le“I( x+3)=—(-3)+3=6

X=>=3

im /()= lim (-2x) = -2(-3) =6

w lim f(x) =/ (-3)

Therefore, / is continuous at x = —3.

Case I1I:

If -3<c¢<3,then f(e)=-2¢
lim f(x) = lim(-2x) = -2¢

wlim f (x) = £ (c)

Therefore, ./ is continuous in (-3.3)

Case IV:
If ¢ =3, then the left hand limit of /" at x =3 is,
lim f(x) = lim(—2x)=-2(3)=-6

The right hand limit of /* at x=3 is,

lim f(x)=lim (6x+2)=6(3)+2=20
It is observed that the left and right hand limit of / at x =3 do not coincide.
Therefore, / is not continuous atx = 3.

Case V:

If ¢ >3, then f(c)=6c+2
lim f(x) =lim(6x +2) = 6c+2

~im f(x) = f(c)
Therefore, / is continuous at all points x, such that x >3,
Hence, x =3 is the only point of discontinuity of ./ .

Question 8:

H Afx=0

f(x)=

Find all points of discontinuity of /> where f is defined by 0= ifx=0
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)= H,ifx;t{)
X)=19 x

The given function is 0, ifx=0

It is known that, X <0= |¥|=—x and x>0=|x|=x

Therefore, the given function can be rewritten as

H=_—"‘=—1, ifx<0
X X

£(x)=10, ifx=0
Pl s
X X

The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I

If ¢ <0, then f("@') =

lim £ (x) =lim (1) = -1

~Xim £ (x) = £ (e)

Therefore, f is continuous at all points x < 0.

Case II:

If ¢ =0, then the left hand limit of /" at x =0 is,

lim f(x)=lim(-1)=-1

x—0" x—0"

The right hand limit of / at x =0 is,
L

It is observed that the left and right hand limit of /" at x =0 do not coincide.

Therefore, / is not continuous atx = 0.
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Case III:

If ¢ >0, then f'(‘j) =1

lim £ (x) = lim 1) =

!\.iﬂ}f(x) = f(c)

Therefore, / is continuous at all points x, such that x > 0.

Hence, x =0 is the only point of discontinuity of ./ .

Question 9:
_ X ifx<0
f(x)=1lx
Find all points of discontinuity of /> where f is defined by -1, ifx20
_ X ifx<0
S(x)=1x
The given function is -1, ifx=0

It is known that ¥ < 0= |x|=—x
Therefore, the given function can be rewritten as

E X o, if%<0
f(x)=qkd -
-1, ifx>0
= f(x)=-1VxeR
Let ¢ be any real number.
Then, lim f (x)= !‘_11}13(—1) =]
Also, f(c)=~1=lim f(x)
Therefore, the given function is a continuous function.
Hence, the given function has no point of discontinuity.

Question 10:

1 ) x+1, ifx>1
xXxi=
41 4f# <

Find all points of discontinuity of / where f is defined by
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{x +1, if x>1

The given function is x*+1, if x<1

The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ <1, then f(e)=c"+1
limf(x) =1im(,\r2 +1) =c? +1

clim £ (x) = 1 (c)
Therefore, / is continuous at all points x, such that x <1.
Case II:

If c=1,then /(c)=/(1)=1+1=2
The left hand limit of / at x =1 is,
Iimf(x)zlim(xzﬂ)zlg+l:2

x>l x>l

The right hand limit of / at x =1 is,

limf(x)z lim(x+l):1+l:2

~lim £ (x) = £(1)

Therefore, / is continuous at x=1.
Case I1I:

If ¢>1, then f(e)=c+l

LlI)I?f(T) = !jl}?(.t-f— I) =g4]

wlim f(x) = f(c)

Tﬁerefore, S is continuous at all points x, such that x > 1.
Hence, the given function / has no point of discontinuity.

Question 11:

A=
Find all points of discontinuity of /, where f is defined by {

=3, ifx<2

The given function is x 41, ifx>2

The given function ./ is defined at all the points of the real line.

x =3, ifx<2

x'+1, ifx>2
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Let ¢ be a point on the real line.
Case I:

If ¢ <2, then f(e)=¢"-3
lim f (x)=lim(x’ -3)=¢’ -3

2 lim Flx)=Fle)
Therefore, f is continuous at all points x, such that x < 2.
Case II:

If ¢=2, then fle)=r(2)=2°-3=5
lim f(x) = lim (x' -3)=2°-3=5

lim f(x)= lim (x* +1)=2° +1=5

- lim £ (x)= £ (2)
Therefore, / is continuous atx = 2.
Case III:

If ¢ >2, then f(e)=c"+1
lim /' (x) =lim(x* +1)=¢> +1

~lim f (x)= £ ()

Therefore, / is continuous at all points x, such that x > 2.

Thus, the given function / is continuous at every point on the real line.
Hence, ./ has no point of discontinuity.

Question 12:

], ikl

ol
Find all points of discontinuity of /, where f is defined by x, ifx>1

f(x):{x"'—l, ifx<1

The given function is x%, ifx>1

The given function ./ is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ <1, then f(c)=c"~1
fim £ (x) = lim(2'® ~1) =" -1

X—=rC X—=C

lim /()= 7 (¢)
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Therefore, ./ is continuous at all points x, such that x <1.

Case II:

If ¢ =1, then the left hand limit of /" at x =1 is,
lim £ (x) = lim (x'* 1) =1" -1=1-1=0

The right hand limit of / at x =1 is,

lim f(x)= ]im(xz): 1? =1

vt 1"
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, / is not continuous atx =1.

Case III:

If ¢>1, then f(c): ¢t

lim / (x) = lim(x*) = ¢*

i £ (x) = /()

Therefore, / is continuous at all points x, such that x >1.

Thus from the above observation, it can be concluded that x=1 is the only point of

discontinuity of /.

Question 13:

{x +5, ifx <1
x=5, if x>1 3 continous function?

Is the function defined by

_{x+5, if x<1
The given function is x5, ibxs]

The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

If ¢ <1, then J(c)=c+5

li_m_f(x] = li_;n(x—k 5)=c+5

llll;nj(x) = i€}

Therefore, / is continuous at all points x, such that x <1.

Case II:
If c=1, then /(1) =1+5=6


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

The left hand limit of /" at x=1 is,
li:rPf(x) =lim(x+5)=1+5=6
The right hand limit of /" at x =1is,

lim f (x)=lim(x-5)=1-5=-4
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, ./ is not continuous atx =1.

Case III:
If ¢>1, then f(e)=c-5
lim f(x) =lim(x—5)=c-5

~limf(x) = f(c)
Therefore, / is continuous at all points x, such that x >1.
From the above observation it can be concluded that, x =1 is the only point of discontinuity of

I

Question 14:
3,if0<x<I
f(x)=44, ifl<x<3

Discuss the continuity of the function /', where ./ is defined by 5, if3<x<10

3,if0<x<I
f(x)=14, ifl<x<3

The given function is 5,if3<x<10

The given function / is defined at all the points of the interval [0.10]

Let ¢ be a point in the interval [0.10]
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Case I:

If 0<c<1, then f(c)=3
Li;;rg f(x)= lvirE(B) =3
!.Ill?f(x) = f(¢)

Therefore, ./ is continuous in the interval [0.1)

Case II:

If ¢=1, then f(3):3

The left hand limit of /* at x =1 is,
() - im(3) 3

The right hand limit of /" at x =1 is,

lim f(x)=1lim(4)=4
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, / is not continuous atx =1.

Case III:

If 1<c<3,then f(c)=4
lim f(x) = Ii}n(4) =4
lim £ (x) = £ ()

Therefore, ./ is continuous at in the interval (1,3),

Case IV:

If ¢ =3, then f(c)=5

The left hand limit of /" at x =3 is,
im (1) = lim(4) =4

The right hand limit of / at x=3 is,

i £(5) =l ()=

It is observed that the left and right hand limit of ./ at x =3 do not coincide.
Therefore, / is discontinuous atx = 3.

Case V:
If 3<c <10, then /(¢) =S5
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lim f (x) = lim(5) =5

lllililf‘(x] = f(¢)

Therefore, / is continuous at all points of the interval (3.10],
Hence, / is discontinuous at x=1 and x=3 .

Question 15:
2x, ifx<l
S(x)=40, if0<x <1

Discuss the continuity of the function /*, where / is defined by 4x, if x>1

2x;, ifx <0
S(x)=40, if0<x<]1

The given function is 4x, if x>1

The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ <0, then f(e)=2c
lim f(x) = Iim(2x) =2c

Therefore, / is continuous at all points x, such that x <0.

Case II:

If ¢=0, then f(e)=r(0)=0

The left hand limit of ./ at x =0 is,
lim f(x)=lim(2x)=2(0)=0

The right hand limit of / at x=0 is,
Tt () =T(0)=0

“lim £(x)= £ (0)

Therefore, ./ is continuous at x =0
Case III:

If 0<c<1, then f(x)=0
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lim £ (x) =1im(0) =0

x=re X=rc

1\113“1 f(x)=r5(e)

Therefore, / is continuous in the interval (0.1)

Case IV:

If ¢=1, then fle)=r(1)=0

The left hand limit of /" at x =1 is,
i /(2) -l (0) -

The right hand limit of /* at x =1 is,

lim f(x)=lim(4x)=4(1)=4
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, / is not continuous atx =1.

Case V:
If ¢ <1, then f(e)=4c
lim f(x) = Iim(4x) =4c

~lim f(x) = f(e)
Therefore, / is continuous at all points x, such thatx>1.

Hence, ./ is not continuous only at x =1 .

Question 16:
=2, ifx<-1
f(x)=42x, if-1<x<1

Discuss the continuity of the function /', where /f is defined by 2, ifx>1

3 iPpd—]
f(x)=12x, if-1<x <1

The given function is 2, if x>

The given function /f is defined at all the points.
Let ¢ be a point on the real line.

Case I:
If ¢ < -1, then f(e)=-2
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i (3)=lim(2) =2

i ()= £ (c)

Therefore, / is continuous at all points x, such that x <-1.

Case II:

If ¢=-1, then f(e)=r(-1)=-2

The left hand limit of /" at x =—1 is,
t 1(2)= i ()=

The right hand limit of / at x=-1 is,
lim f(x) = lim (2x) =2(-1) =2

w lim f(x) = (1)

Therefore, / is continuous at x = —1

Case II1I:
If -1<c<1, then f(e)=2¢
li__m_ f(x) = li1n(2x) =2c

1\113:1 f(x)=f(c)

Therefore, / is continuous in the interval (_1’1).

Case 1V:

If ¢ =1, then fle)=r(1)=2(1)=2
The left hand limit of /* at x=1 is,
lim f(x)=1lim(2x)=2(1)=2

The right hand limit of / at x =1 is,
)=l

< lim Fla)=Fz)

Therefore, / is continuous atx =2 .
Case V:

If ¢>1, then f(e)=2

li"m_ f(x) = Ii}n(Z) =2

~dim f(x)= f(c)

x—=¢ "


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Therefore, / is continuous at all points x, such thatx > 1.

Thus, from the above observations, it can be concluded that / is continuous at all points of the
real line.

Question 17:

ax+1, ifx <3
x —
bx+3, ifx>3

Find the relationship between @ and b so that the function /* defined by
is continous at x =3.

_{axﬂ, ifx<3

The given function is bx+3, ifx>3

For / to be continuous at x =3, then

i £ (x)=lim £(x)=/(3) ()
Also,
lir? f(x)= llrgl (ax+l) =3a+1

lim f (x)=lim (bx+3)=3b+3

x—»3

f(3)=3a+1

Therefore, from (1), we obtain
3a+1=3b+3=3a+1

=3a+1=3h+3
=3a=3h+2

:;-.c;r=1_'7+g
3

2
=b+—
Therefore, the required relationship is given by, ¢ 3.

Question 18:
B ﬂ,(xz—Qx), ifx<0

- _r - i
For what value of 4 is the function defined by {4”" +1, ifx>0 is continous at
x =0? What about continuity at x =1?


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

A(x*-2x), ifx<0

The given function is 4x+1, ifx>0
If/ is continuous at x =0, then
im £ (x)= lim /()= /(0)

‘ 2 T _ 2 _
= lim A(x*-2x)= lim (4x+1)=1(0"-2x0)
= 2(0*-2x0)=4(0)+1=0

=0=1=0 [which is not possible]

Therefore, there is no value of A for which / is continuous at x =0.

At x=1
f(1)=4x+1=4(1)+1=5
lim(4x+]):4(])+| =5

x—=1

~lim £ (x) = £ (1)
Therefore, for any values of A,/ is continuous at x =1.

Question 19:

Show that the function defined by & (x) = x—[x] is discontinuous at all integral point. Here [x]
denotes the greatest integer less than or equal tox .

The given function is & (x)=x—[x]
It is evident that & is defined at all integral points.
Let » be an integer.
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Then,

g(n)=n—[n]=n-n=0

The left hand limit of & at x=n 1s,

lim g(x)= lLr"n (x—[x])= lim (x)— lg?[x] =n—(n-1)=1

T r—sn

The right hand limit of & at x==n is,

lim g(x)z lim (x—[x])z lilq(x)— lim+[x]= n—-n=0

It is observed that the left and right hand limit of & at x =#» do not coincide.
Therefore, £ 1s not continuous atx = 7.
Hence, £ is discontinuous at all integral points.

Question 20:

Is the function defined by f(x)=x"=sinx+5 continuous at x =1 ?

The given function is J/ (x)=x" —sinx+5
It is evident that / is defined at x =7 .
At x=1, f(x)=f(r)=n’-sinn+5=n"-0+5=x"+5

Consider 1m/(x)= Ll_rﬁl(f ~sinx+5)

Put x =7 +h, it is evident that if X =7, then 4/ —> 0

~dim f(x) =1lim (f —sin x)+ 5

X—IT X—T

=1lim [(?r + h)3 —sin(z +h)+ S:I

h—»0)

=lim (7 + /)" ~limsin (7 + k) +1im5

h—0 h—0

=(7+0)" ~lim [sinm cosh+cosmsinh]+5
h—»0

=7’ —limsinw cosh—limcoszsinh+5

h—0 h—0

=x° —sinmwcosO—cosmsin0+5
=1°-0(1)-(-1)0+5
=’ +5

= f{x)

Therefore, the given function / is continuous at x =7 .
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Question 21:
Discuss the continuity of the following functions.

(i) f(x)=sinx+cosx
(i1) f(x)=sinx—cosx

(iii) f(x) = SiN X X COS X

It is known that if & and % are two continuous functions, then £ +#.2 —hand g.% are also
continuous.

Let & (x ) =sinx gpnq h(x)=cosxyre continuous functions.

It is evident that & (¥)=sinXis defined for every real number.

Let ¢ be a real number. Put x=c+#
If x—>c¢,then h—0
g(c)=sinc

lim g (x) = limsin x

X X=o

=limsin(c+A)

h—0)

=lim[sin ccos h+ coscsin A

h—0

=lim (sinccosh)+ lim(coscsin k)

h—
=sinc¢cos 0+ coscsin 0
=sinc(1)+cosc(0)
=sin¢
~limg(x)=g(c)

X=c

Therefore, & (x)=sinx 5 2 continuous function.
Let 71(x)=cosx

It is evident that #(¥) = €0 X s defined for every real number.

Let ¢ be a real number. Put x=c+#
If x>c¢,then h—>0

h(c)=cosc
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limA(x) =lim cos x

X=rC K=

=lim Cos(c - h)

h—s

=lim[cos c cos h—sin csin A]

h=0
=lim(cosccos )~ lim(sin csin /)
=cosccos0—sincesin0
=cosc(1)—sinc(0)
=Cosc

s limh(x)=h(c)

X=rc

Therefore, h(x)=cosx is a continuous function.
Therefore, it can be concluded that,

(i) f(f“) = g(x) + k(x) =sinx +CosX j5 5 continuous function.
(ii) f(*“) = 8(x) —h(x)=sinx—cosx i 4 continuous function.

(1i1) f(x)=g(x)xh(x)=sinxxcosx iga continuous function.
Question 22:
Discuss the continuity of the cosine, cosecant, secant, and cotangent functions.

It is known that if & and / are two continuous functions, then

}' a
?(l) ,g(x) =0
(i) g (x) 1S continuous.
1

,g(x) =0
is continuous.

e

(ii) 3("‘
1

(iii) h("’-) 1 1S continuous.

Let& (x ) =sinx gpq h(x) = COSXare continuous functions.

It is evident that £ (¥) =sinxis defined for every real number.
Let ¢ be a real number. Put x=c+ 5
If x—>c,then h—>0
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g(c)=sinc
limg(x)=limsinx

X=»C X=dE

= 11_% sin(c+ h)

im|sinccos A+ coscsin h]

=
h—0

= lim(sin ccos ) + lim(coscsin /)
h=0 h—0
=sinccos0+ coscesin0
=sine(1)+cose(0)
=sinc
- limg(x)=g(c)
Therefore, & (x)=sinx is a continuous function.
Let f1(x)=cosx

It is evident that /#(x) =0sxig defined for every real number.
Let ¢ be a real number. Put x =c+ A
If x—>c,then h—>0

h(c)=cosc
limA(x) = lim cos x
X=C X

=limcos(c+h)
h—0
=lim[cosccosh—sincsinA)
h—0)

= lim (cosccos k) - lim(sin¢sin /)

fr—s0)

=cosccosO—sincsin(
=cosc(1)—sine(0)
=cosc

s limh(x)=h(c)

X==>c

Therefore, h(x)=cosx is a continuous function.
Therefore, it can be concluded that,

—.,sinx#0 | )
SIn x 1S continuous.

COSECX =

=> cOoSecx,x # mr(r.-' = Z) is continuous

Therefore, cosecant is continuous except at * = 7% (neZ)

cosx =0 | )
CoSX 1S continuous.

S5C€CX =

:>sccx,x;t(2ﬂ+l)£(neZ) , :
2 1S continuous.
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) ) x=(2n+1)£(ueZ)
Therefore, secant is continuous except at 2

-

——,sinx #( . .
sin x 1S continuous.

= cotx,x # nr(n € Z) is continuous.

cotx =

Therefore, cotangent is continuous except at * = 7 (neZ),

Question 23:
sin x
f(x)=1 x

Find the points of discontinuity of /', where x+1, ifx=>0

Afx <0

sinx
f(x)=1 x

The given function is x+1, ifx=20

Afx <0

The given function ./ is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
()= sinc
If ¢<0, then - N

lim f(x) = lim[Sln :r] = DBE

X=rC X—=»C x C

~dim £ (x) = £(c)

Therefore, / is continuous at all points x, such that x <0.

Case II:

If ¢ >0, then f(c)=c+l
Ii]nf'(x) = li_m(x+ ]) =c+1
~lim £ (x) = f(c)

Therefore, /* is continuous at all points x, such that x > 0.
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Case III:
If ¢=0, then fle)=r(0)=0+1=1
The left hand limit of /" at x =0 is,

lim f(x) = tim[s"‘x]:l

x—0" x—=0 x

The right hand limit of / at x =0 is,

7~ el
< lim f(x) = lim £ (x) = £(0)
Therefore, / is continuous at x =0

From the above observations, it can be concluded that / is continuous at all points of the real
line.

Thus, / has no point of discontinuity.

Question 24:
S
i [.r‘ sin—, ifx#0
f(x)=1 X

Determine if / defined by 0, ifx=0 is a continuous function?

s . 1 .
i J.r‘ sin—, ifx#0
f(x)= s
lo

The given function is ifx=0

The given function ./ is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Nzl
If ¢#0, then 'f(c)_c Smc
1

limf(x) = lim(:c2 sin I—] = (limxl)(limsinlj =¢*sin—

X=pL X=c t = A= x C‘

I‘Ii_rﬂf(x) = f((,)

Therefore, ./ is continuous at all points x, such that x =0 .

Case II:

If ¢=0, then f(0)=0
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lim f(x)= lim(x2 sinl] = lim()c2 sinl]

x—0" x—»0" X x—l X

. —lSsiniSI,x-#O
It is known that, X

3 . l bl
= —x' <x'sin—< x°
o1

) ) 1 )
- llm(—x2 ) i Ilm[x2 sin— | < limx?
x—0 x—3i) X x—0

=0< lim[.vc2 sinlj <0

r—l) 2

R 1
:]im(x"sin—J =0

x—0 X
s lim f(x)=0
Similarly,
lim f(x)= lim (f sin l} = ﬁw{x2 sin l] =0
x—0" x—0" X x>0 X

o lim /(x) = (0) = lim £ (x)

v—all”
Therefore, ./ is continuous at x =0.

From the above observations, it can be concluded that / is continuous at every point of the
real line.

Thus, f is a continuous function.

Question 25:

N sinx—cosx, ifx=0
-1, ifx=0

Examine the continuity of /', where / is defined by

p {sin x—cosx, ifx#0

x)= .

The given function is -1, ifx=0

The given function / is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case I:

If ¢ #0, then f(c) =sinc—cosc
limf(x) = l_im(sin X —COS x) =sinc¢ —cosc
< lim f(x) = f(¢)

Therefore, / is continuous at all points x, such that x = 0.
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Case II:

If ¢ =0, then s(0)=-1
lim £ (x )—Ilm(smx cosx)=sin0—cosO0=0—-1=-1

x—0"

]1mj( )=1 )ﬂ(smx cosx)=sin0—cos0=0-1=-I
];1‘({;1_ f(x)= lu;r_lr f(x)=r(0)

Therefore, ./~ is continuous at x =0.
From the above observations, it can be concluded that / is continuous at every point of the
real line.

Thus, / is a continuous function.

Question 26:
Find the values of k so that the function / is continuous at the indicated point

kcosx . T
2x,|fx755
. T —
="
% = =
2 at 2
kcosx . T
5 ,lfx;tz
, T—2x
fx)={7 2
3 ifx=—
2

The given function is
T

T
x== x==
The given function / is continuous at 2, if fis defined at 2 and if the value of

o
the f at” 2 equals the limit of / at” 2.

T
It is evident that / is defined at ) and [ 2 J _

i . kcosx
lim =]
.\—)"-'_j (x) rl—l;rTl —2X
2 2
X="+h
Put 2

x—>£:>h—>0
Then
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lim 7 (x) =1 =lim
e T n-z[”m
2
B R MK B
0 2k 240 h 2 2

2
zﬁz?,
2
=k=6

Therefore, the value of £ =6.

Question 27:

Find the values of k so that the function / is continuous at the indicated point.
kot ifx <2

fx)=1.".
3, 1f)(>2 at xX= 2

_{focz, ifx<2

The given function is 3 ifx>2
The given function / is continuous at x=2, if /is defined at x=2and if the value of

the / at x =2 equals the limit of / atx=2.

It is evident that / is defined at x =2 and / (2)= "f(z)2 =4k
tin £ () = lim 7 () = £(2)
= lim (k* ) = lim (3) = 4k

x—2 =2t
= kx2? =3=4k
=4k =3

3
=k==
4
_3

k =
Therefore, the value of 4.
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Question 28:

Find the values of k so that the function / is continuous at the indicated point
kx+1, ifx<nm

R

cosx, ifx>m gt x=1

~ {kx +1, ifx<m
The given function is V7 cosx, ifx >
The given function / is continuous at x=7, if / is defined at x=r and if the value of
the / at x=7 equals the limit of /" at x=7 .

It is evident that / is defined at x=7 and /(%) =km +1
lim f(x) = lim f(x)= f(7)

= lim (kx+1) = lim (cosx) = km +1

= kn+l=cosm=kx +1
=Skr+l=-1=kr +1
2

S k=——
T

k=
Therefore, the value of T .

Question 29:
Find the values of k so that the function / is continuous at the indicated point
: [kx+1, ifx<5
sx=0t
13x=5, ifx>5 gt x= 5

[kx+1, ifx<5

f(x)= .
The given function is 13x =35, ifx>5
The given function / is continuous at x=35, if / is defined at x=35 and if the value of
the / at x =35 equals the limit of /" at x=5.

It is evident that / is defined at x =5 and / (5) =hkc+1=5k+1
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lim f (x) = lim £ (x) = £ (5)
= lim (kx+1) = lim (3x-5) = 5k +1

F=5" x—5"
=5k+1=3(5)-5="5k+1
=5k +1=15-5=5k+1
= 5k+1=10=5k +1
=5k+1=10
=% 5k=9

:>k=2
5

k
Therefore, the value of 5.

Question 30:
5, ifx<2
f(x)=qax+b, if 2<x<10

Find the values of a & 4 such that the function defined by 21, ifx>10 ,1s a
continuous function.

5, ifx<2
f(x)={ax+b, if2<x<10

The given function is 21, ifx=10

It is evident that / is defined at all points of the real line.

If / is a continuous function, then / is continuous at all real numbers.
In particular, / is continuous at x=2 and x =10

Since /f is continuous at x =2, we obtain
Iim f(x)= Iim f(x)=r(2)

= lim (S)z lim(aerb) =5

x—2 2’

=5=2a+b=5
=>2a+b=5 sl 1)

Since ./ is continuous at x =10, we obtain

lim £ (x)= lim f(x)=f(10)

x—=10"

= lim (a.x:er): lim (2])=21

x—107 x—107

=10a+b=21=21
= 10a+b=21 il 2)
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On subtracting equation (1) from equation (2), we obtain
8a=16
=egr=2

By putting @ =2 in equation (1), we obtain

2(2)+b=5
=4+b=5
=h=1

Therefore, the values of a and b for which /* is a continuous function are 2 and ! respectively.

Question 31:

Show that the function defined by / (x)=c0s(x*) i a continuous function.

The given function is -/ (%) =cos(x?)

This function / is defined for every real number and / can be written as the composition of
two functions as,

J = goh  where g(x)=cosx gpq h(x)=x"

[ (o) ()= (4(x) = 8 () =c0s(+*) = £ (x)]

It has to be proved first that & (¥)=cosx and h(x)=xare continuous functions.

It is evident that & is defined for every real number.
Let ¢be a real number.

Let €(¢)=cosc_pyt x=c+4h
If x—>c,then h—>0

lim g (x) = limcos x

X=C X=C

= limcos(c +h)

H>0
= E‘erf}[cosccosh —-sincsin Al
= lim (cos ¢ cos /) —lim (sin csin /2)
= cosccos(0—sinesin0
= cosc(1)—sine(0)
= Cosc¢

s limg(x)=g(c)

X=c

Therefore, & (x) = COSX is a continuous function.
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Let h(x) =x’

It is evident that % is defined for every real number.

Let k£ be a real number, then h(k)=k*

lim h(x) =limx’ =k’

x—k x—k

~limh(x)=h(k)

r—k

Therefore, # is a continuous function.
It is known that for real valued functions & and %, such that (goh) is defined at ¢, if & is

continuous at cand if / is continuous at & ("3), then (fog )is continuous at ¢ .

Therefore, / (x) =(goh)(x) = Cos(x ; ) is a continuous function.

Question 32:

Show that the function defined by / (x) = |cosx| s a continuous function.

The given function is ./ (x) =cos x|,

This function / is defined for every real number and /* can be written as the composition of
two functions as,

J = goh  where g(x)=|x and #(x)=cosx
|~ (goh)(x)=g(h(x))=g(cosx)=|cos x| = f(xﬂ

It has to be proved first that & (x) =] and #(x)=cosx are continuous functions.

( ) [—x, ifx<0

g\X)= g

2(x) =|x| can be written as 1*“ ifx20

It is evident that & is defined for every real number.

Let ¢be a real number.

Case I:

If ¢ <0, then g(c)=-c

lim g (x) = lim (~x) =~c

wlimg(x)=g(c)

Therefore, & is continuous at all points x, such that x <0.

Case II:
If ¢ >0, then glc)=c
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limg(x) = lim(x) =g

~limg(x)=g(c)
Therefore, & is continuous at all points x, such that x > 0.

Case I11:
If =0, then &(¢)=g(0)=0
lim g(x) = lim(-x)=0

x— x—0
lim g(x)=lim(x)=0
x—0 a—0'

- lim g (x)=lim(x)=g(0)

vl sl

Therefore, £ is continuous at all x =0.
From the above three observations, it can be concluded that £ is continuous at all points.

Let f1(x)=cosx

It is evident that /(X)=¢0sX g defined for every real number.
Let ¢ be a real number. Put x=c+#

If x—>c,then h—>0
h(c)=cosc
lim 4(x) = lim cos x

= lim cos(c + h)

Ji—=0

= lim [cosccosh—sincsin 4]

=lim (cosccosh)~lim(sincsin /)

=cosccos0—sinesin0

=cosc(1)—sinc(0)

=cosc
l_imh(x] =h(c)
Therefore, h(x)=cosx is a continuous function.
It is known that for real valued functions & and /4, such that (80h) 1s defined at ¢, if & is
continuous at ¢ and if /* is continuous at & () , then (/2£)is continuous at .

Therefore, f(x)=(goh)(x)= g(h(x)) = g(cosx) = ‘Cosxi 1s a continuous function.

Question 33:

Show that the function defined by / (x)=[sinx| is a continuous function.
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The given function is ./ (x)=[sinx|
This function / is defined for every real number and /* can be written as the composition of
two functions as,

f = goh  where &(x) =|x| and #(x)=sinx

’7 (goh)(x) =g (h(x))=g(sinx) =|sinx| = f(x)—l

It has to be proved first that & (x)=|x| and #(x) =sinxare continuous functions.
[—x, ifx<0

g\¥)= i
£(x) =[x can be written as 1*“ ifx20
It is evident that & is defined for every real number.
Let ¢ be a real number.

Case I:

If ¢ <0, then &(¢)=—¢

lri-];[:-l g (x) = Il_ir)r(l_(—x) =

~limg(x)=g(c)

TH\e;éfore, g 1is continuous at all points x, such that x <0.
Case II:

If ¢ >0, then &(c)=¢

limg(x) = lim_(x) =i

~limg(x)=g(c)

Therefore, £ is continuous at all points x, such that x > 0.

Case II1I:
If ¢=0, then g(c)=g(0)=0
lim g(x) = lim (—x) =0

x—l) x—0
lim g(x)=lim(x)=0
x—0 x—=0'

o lim g (x) = lim (x) = g(0)

v (]

Therefore, & is continuous at all x =0.

From the above three observations, it can be concluded that & is continuous at all points.
Let A(x)=sinx

It is evident that #(X) =sinx is defined for every real number.
Let ¢ be a real number. Put x=c+k
If x—>c¢,then £k >0
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h(c)=sinc
LI_T’T;l_h(x)= lim sin x
= 1_1_r)1{1lsm(c+k)
= lim[sinccosk +coscsink]|
k—0

= }{_12{1}(5mccosk)+&gl}(coscsmk)
=sinccos0+coscsin0
=sin¢(l)+cosc(0)
=sinc

~limh(x)=h(c)

X=>C
Therefore, h(x)=sinx ig 4 continuous function.

It is known that for real valued functions & and #, such that (goh) 1s defined at ¢, if & is

continuous at cand if / is continuous at & ("3), then (fog )is continuous at ¢ .

Therefore, /(x)=(goh)(x)= g(h(x)) = g(sinx)= ‘Sin x‘ is a continuous function.

Question 34:
Find all the points of discontinuity of / defined by J/ (¥) =[x —[x+1],

The given function is / (%) =[x —fx+1].
The two functions, & and # are defined as g(x)=[x| and A (x) =[x +1],
Then, f =g—h
The continuity of £ and / are examined first.
[—x, ifx<0

g\X)= i
g(x)= M can be written as Ix, ifx20
It is evident that & is defined for every real number.
Let ¢ be a real number.

Case I:

If ¢ <0, then glc)=—c

lri..]P g (x) = ll_ir)r(l_(—x) ==

l_img(x) =g(c)

Th\é;éfore, g 1is continuous at all points x, such that x <0.

Case II:
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If ¢ >0, then glc)=c
limg(x) = lim(x) =g

~limg(x)=g(c)
Therefore, & is continuous at all points x, such that x > 0.

Case III:
If c=0,then &(¢)=g(0)=0
lim g(x) = lim (—x) =0

x—l) x—0

lim g(x)=lim(x)=0

x50 x>0’

ol alel= i) =519

Therefore, & is continuous at all x =0.

From the above three observations, it can be concluded that £ is continuous at all points.
{—(x+l), ifx <1
h(x)=

h(*"):‘x+1| can be written as x+1, ifx>-1

It is evident that % is defined for every real number.
Let ¢be a real number.

Case I:
If ¢ < -1, then h(c)=—(c+1)
lim#(x) =lim[ -(x+1)]==(c+1)

A= X—¥C

I_im h(x) = h(c)
Therefore, / is continuous at all points x, such that x < -1.

Case II:
If ¢ > -1, then h(c)=c+l
li_mh(x): ]i_m_(x+]):c+l

lxll;nk(x) =h(c)

Therefore, # is continuous at all points x, such that x > —1.

Case I1I:
If ¢=-1, then h(c)=h(-1)=-1+1=0
lim A(x)= lim [-(x+1)]=~(-1+1)=0

xl_Er_rll_ h(x)= \llr_r} (x+1)=(-1+1)=0
1_1,1:1': h(x) = Eq} h(x) = h(—l)
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Therefore, /4 is continuous at x = —1.
From the above three observations, it can be concluded that # is continuous at all points.
It concludes that€ and % are continuous functions. Therefore, / =£ —# is also a continuous

function.

Therefore, /* has no point of discontinuity.
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EXERCISE 5.2

Question 1:
Differentiate the function with respect to x.

sin (x” +5)

Let _f(x)=sin(x2+5), u(x)=x"+5 o q v(t)=sint
Then, (v01)(x) =v(u(x)) =v(x +5) = tan(x" +5) = ()

Thus, / is a composite of two functions.
put {=u(x)=x>+5

Then, we get
%=%(sint]=cost=cos(xg+5)

dt d;, d d

E:E(x +S)=E(x2)+a(5):2x+0=2x
By chain rule of derivative,
di=£.£=cos(xz+5)x2x=2xces(x2+5)
dex dt dx

Alternate method:

%[Sin(xz +5)] = c:os(,x2 + 5). (x’ +5)

= 2xcos(x2 +5)

Question 2:
Differentiate the function with respect to x

cos(sinx)

Let J(x)= cos(sinx), u(x) =sinx 5nd v(f)=cost
Then, (vou)(x)= v(u(x)) =v(sinx) = cos(sinx)= f(x)
Here, / is a composite function of two functions.

Put J:u(x)zsinx
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% = d—[cost] = —sin ¢ =—sin (sin x)
s 3

dt d , .
i —(sm x) =cosx
dx  dx

By chain rule,
df _dvdi

e i —sin(sin x).cos x = —cos xsin (sin x)

Alternate method:

—%[cos(sin x)} =—sin(sin x).%(sin x)

= —sin(sin x)xcosx

=—cos xsin(sinx)

Question 3:
Differentiate the function with respect to x

sin(ax+b)

Let f(x) =sin(ax +b), u(x)=ax+b and v(t)=sint
Then, (vou)(x)= v(u(x)) =v(ax+b)=sin(ax+b)= f(x)
Here, / is a composite function of two functions u and v.

Put, ! =u(x) =ax+b

Thus,

% =dif(sini) =cost = cos(ax+b)

dr  d d d
Ex—_E(a1+b)-a(ax)+a(b)—a+0—a
Hence, by chain rule, we get
ﬂ:ﬁ.ﬂzcos{wﬁb).a=acos(ax+b)
dx dit dx

Alternate method:
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%[sin(cvﬁ b)] = cos(ax +b)-%(0x*‘b)

= cos(ax+b).[%(m)+%(b):|
=cos(ax+b).(a+0)

=acos(a.x+b)

Question 4:
Differentiate the function with respect to x

)

Let S(x)= scc(tan(\&)), u(x)= \/;,v(t) =tant 4 w(s)=secs
Then (wovou)(x) = w[v(u(x)):l = w[v(\/;)} = w(tan \/;) = Scc(tan \/;) = f(x)
Here, / is a composite function of three functions u, v and w.

Put, $ =v(1)=tant 4pq t=u(x)=vx

Then,

dw d

— =—(secs)

ds ds
=sgecstans

=sec(tant).tan(tant)  [s=tan/]

=sec(tan x/;).tan(tan\/;) [rzv";]

Now,

ds d 3 2
—=—1 fl= = =

= a‘t( ant)=sec’ f =sec’ Vx

dt _d dl ) 1 3+ 1
E‘E(‘&)‘E[“J‘z“" =0

Hence, by chain rule, we get
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%I:SGC(?&]] \/;)]2 d—w ﬂ ﬂ

ds dt dx

= scc(tan\/}),tan (tan \/}).secz &2\1/;

- 2\1& sec’ v’;sec(tanﬁ)tan(tan \/;)

sec’ VX sec (tan \/;) tan ( tan \f;)
) 2Vx

Alternate method:

.%(tan \/?)

X

Question 5:
Differentiate the function with respect to x
sin(ax+b)
cos(ex+d)
sin (ax + b)
X)=———
Given, cos(cx+d) . where g(x)=sin(ax+b) gnd h(x)=cos(cx+d)
. g _8'h-gh
s "

Consider &(x)=sin(ax+b)
Let 4(x)=ax+b,v(t)=sint

Then (vou)(x)= v(u(x]) =v(ax+b)=sin(ax+b)=g(x)

-~ & 1s a composite function of two functions, « and v.

Put, ! =u(x) =ax+b
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dv =i(sim) =cost = cos(ax + b)

dt i
% :%(ax+b):%(ax)+%(b)=a+0= d

Thus, by chain rule, we get

== =— — =cos(ax+b).a = acos(aerb)

Consider /(x)=cos(cx+d)

Let P(x)=cx+d,q(y)=cosy

Then, (400)(+)=a(p(x)) = g (cx +d) =cos(cx + d) = h(x)

. h 1s a composite function of two functions, p and q.
Put, y=p(x)=cx+d

%zdiy(cosy)z_Sinlpz—sin(cx-l-d)
dy_d N _d o odo
el Gl b L R

Using chain rule, we get
_dh_dg dy

dx dy dx

=—sin(ex+d)xc

z—csin(chrd)

Therefore,

acos (ax+ b).cos(cx+d)—sin (ax +b){—csin (cx+d)}
[cos(cx+d)T

sin(cx +d) § 1

cos(cx+d) cos(cx+d)

s

_acos(ax+b)
- cos(cx+d)

+csin(ax+b).

= acos(ax+b)sec(cx+d)+csin(ax+b)tan(cx+d)sec(cx+d)

Question 6:
Differentiate the function with respect to x

cosx .sin’ (xs)

% S 5
leen’ COS X" .s1n (x )
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%[cosxs.sinz (xs)] =sin’ (xi)x%(cos x3] +cosx’ ><%[sin3 (x‘i)]

=sin’ (xjx(—sin xﬂx%(f) +cosx’ ><2sin(x5).

. ) 5 2 . 5 5 d 5
=—sinx’ sin’ (x’)x 3x% +2sinx” cosx®.cosx’ xd—(x")
e

di[sinxj]

X

=-3x%sinx’.sin’ (r* ) +2sinx’ cos x’ cos x* x 5x*

=10x"sinx* cos x’ cos x* —3x” sin x° sin’ (xs)

Question 7:
Differentiate the function with respect to x

2,(cot(x2)

2.jcot| x~ dx

a2yl

(S;i)ntx]) —cosec’ (x )x%(x)
AR

-2x

sin x“\/cosx sin x°
—2:/2x
sin x°~/2sin x° cos x°
—Z@x
sin x”~/sin 2x”

Question 8:
Differentiate the function with respect to x

COS(\/;)

Let / (3)=c0s( %)

Also, let u(x) =x and, v(t)=cost
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Since, / is a composite function of u and v.

r:u(x)zx/;
Then,
dt _d d{ ) 13
a-g(ﬁ)-a[*’“ ]-5*‘
1
2%
dv d y
— =—(cost)=—sin?
dt dt

i, =n(35)

Using chain rule, we get
di _dv di

dx  dt dx
=—sin(x/;).2

=— 2\]/; sin (\/;)

_sin(\/J_c)
2Jx

Alternate method:

‘

By

%[cos(\/;)] = -sm(\f,v_c)%(\/;)
= —sin(\b—c)x%[xi]
" 1 3
=—sin xxzx
_ —sin+/x
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Question 9:

Prove that the function /* given by
f(x)= |"‘_ 1\,x €R s not differentiable at x=1.

Given, f(x)=|]x-1|,xeR
It is known that a function / is differentiable at a point x =c¢ in its domain if both

il G- FE-4) L FE6E)-F <)

0" h and -0 h are finite and equal.

To check the differentiability of the given function at x =1,

Consider LHD at x =1
1070y, F1im

h—0 h

= lim 0-{4

h—=0 h

lim
-0

. —h
i!'!?? - (h-:o:s\h\ =—h)

=1

Consider RHD at x =1

i f(+h)-7(1) _ i fli+h=1-[1-1]
=0 ] h—0?
~ lim =0
fi=0" h
:ltm-j1 (h>{}:>|h‘:h)
h0' p

Since LHD and RHD at x =1 are not equal,

Therefore, / is not differentiable at x=1.

Question 10:

Prove that the greatest integer function defined by / (x)=[x].0<x <3 5 not differentiable at
x=1and x=2.
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Given, f(x)=[x].0<x<3

It is known that a function /f is differentiable at a point x = ¢ in its domain if both
i fle)=fle-h) . fle+th)-f(c) |

0" h and #-o° h are finite and equal.

At x=1,

Consider the LHD at x=1

FO)-r0-n)_ . [)-[1-4]

lim
h—0 h h—=0 h
. 1-0
= lim —
0" h
o
=lim —
=0 h

Consider RHD at x=1
- F(+h)-£(1) i [1+ 4] -[1]

b0 h h—0" h
B0t fp

=lim0
h—0"

=0

Since LHD and RHD at x =1 are not equal,

Hence, / is not differentiable at x=1.

To check the differentiability of the given function at x =2,
Consider LHD at x=2

_ _ Y e I
h—s0 h h—0 h
. 2-1

= lim —
h—=0~ J|fj.l

= lim 2
h—0" ,l?

=

Now, consider RHD at x=2
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lim - = lim
ho0* h b0 h
. 22
= [im ——
0" h
= lim+ 0

Since, LHD and RHD at x =2 are not equal.

Hence, / is not differentiable at x=2.
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EXERCISE 5.3

Question 1:

d—y:2x+3y=sinx

Find dx

Given, 2x+3y =sinx
Differentiating with respect to x, we get

%(2x+3y) =%(sinx)

= %(Zx)Jr %(3_}2) =Cosx

:>2+3@=cosx
dx

Q
dx

=3—=cosx-2

cosx—2
3

. dx
Cdy

Question 2:
P
Find dx: 2x+3y=siny

Given, 2x+3y =siny
Differentiating with respect to x, we get

%(2x)+%(3y}=%(sin »)

dy dy : .
=2+3—=—=cosy— By using chain rule
. y— [By using ]

=% (cosy—S)d—y

Ay -

dx cosy-—3

Question 3:
Y
Find dx: ax+by’ =cosy
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Given, ax+by’ =cosy
Differentiating with respect to x, we get

d dgi, .y d

E(ax)+a(by )=E(COSJ’)
:>a+b%(y2):%(cosy) ssskl)
o2 i o) omsiny

dx(y ]—Zy xand dr(cosy)— Smydx (2)

From (1) and (2), we obtain

dy . dy
a+bx2y—=—smny—
}dx y

dx
; dy
= (2by +sin y)a =—q

&y -a
Tdx 2by+siny

Question 4:
4
Find dx: x+y’ =tanx+y

Given, X+’ =tanx+y
Differentiating with respect to x, we get

%(xv +3%)= %(tanxﬂ:)

d s,
=~ {xp}+—( V) =—(tanx) + =
()4 ()= 1)
= vi(x) + x,ﬁ + 2,1,'@ =sec’ x+ @ [using product rule and chain rule]
dx dx dx
:>y,1+xﬁ+2ydl=scczx+£:>(x+2y—l)ﬂ=scczx-y
dx -3 dx dx
dy sec’x-—y

Y (x+2y-1)
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Question 5:
@
Find dx X +xy+y" =100

Given, X+ xy + y2 =100
Differentiating with respect to x, we get

d d
d_x(x2 +xy+y2):g(100)

:>i(x2)+%(xy)+i(y3) =0

dx dx
d dy dy
2 — —=— [+2y—=0
= x{y dx(x)+x dx:|-‘r e
dy dy

=>2x+yl+x—+2y—=0
dx dx

:>2x+y+(x+2y)%:0

B _ 2y

Tdx x+2y

Question 6:
P,
Find dx ¥ +x°y+xy° +y’ =8I

Given, X +x’y+xy* +y’ =81
Differentiating with respect to x, we get
drs oy

—(\ X +xy+xy +y ) =—(81
Xyt y)=o(81)

d d .\ d/ o d
:>g(f)+g(x'}’)+a(xy')+g(y3):0

dy d d g, 2 dy
dx]+[y2d_x(x}+xa(y )}+3y E_O

qd].-’ a9 dy {!dx
=32 +| y.2x+x° =< |+| 21+ x2y. e e
{y dx] {y g ix] g dy

[

= 3x? J{y%(xz)ﬁxz

:>(x3+2xy+3y2]%+(3x2+2xy+y3):0

dy —(3x2 +2xy + yz)
e (x2 +2xy+3y:)
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Question 7:
dx.
Find 4y "sin’ y+cosxy=nm

Given, sin’ y+cosxy =7
Differentiating with respect to x, we get

%(sinZ y+cosxy) = %(n)

— %(sinzy)-l-%(cosxy) =0

Using chain rule, we obtain

%{51'“2 y) =2sin ,vgx-(sin y)=2sin ycos y%

%{cosxy) = —sinxy%(xy) = —sin x}}[y%(x]+x%]

2 dady . ’ dy
=—sinxy| y.1 +xd; = —ysmxy—xsmxyd—
x x

From (1), (2) and (3), we obtain
; dy . ; a’y}
2sin ycos y—+| —ysinxy—xsinxy— |=0
¥ J’dx [J’ 3 Y
. ; dy ;
= (2smycosy—xsm)qv)£= ysin xy

= (sin2y - xsin xy)@ = ysinxy

ysinxy
sin 2y — xsin xy

L ax _
L

Question 8:

P,
Find dx  sin’ x+cos* y =1

Given, sin’ x+cos’ y =1
Differentiating with respect to x, we get

(2)

..(3)
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%(sin2 x+cos’y)= d_i(l)
= d%(sin2 x)+ %(cols2 y) =0

=5 Zsinx_—j—x(sin x)+2cosy.%(cosy] =0

= 25inxcos.r+2cosy(—siny).% =0
X

. . dy
:>sm2x—sm2y—y=0
dx
. dy _sin2x
Cdx sin2y
Question 9:

- d_y:y=sin‘1{ 2,’(2]
Find dx 1+ x

Given,
. ( 2x J
y=sin -
14+ x"
: 2x
=siny= -
1+ x~

Differentiating with respect to x, we get

i(siny)z d[ 2r ] s¢(1)

dx A\ 1+2°
dy d( 2x ]
= COS y—=— :
dx  dx\l+x"
2x u

The function 1+x2, is of the form of v

By quotient rule, we get


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

o d d ,
i( o ]=(1+x“)£(2x)—2x.£(l+x“]
dx \ 1+ x* (l+x2)2
_(1+57).2-2x[0+24]

) (1+2°)

_242x7 -4y

(1+x2)2

1+x

From (1), (2) and (3), we get

I—xzxﬂ__Z(l—xz)
[+x° dx_(lﬂz)z
N

dx 1+x

Question 10:

&y tan- [:u xJ 1 |
Find dr T N RN
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y= tan™' [3x—x3]
Given, 1—3x*

3
:>tany=(':’i;;J i1

Since, we know that
3tan Y tan’ 2
=tany= 3 3 (2)

1-3tan* 2
5

Comparing (1) and (2) we get,

E]
1 d
Y S A
33 dx
&3 3
dx seu“% I+tan2¥
2 2
@_ 3
dx  1+x°

Question 11:

e
ﬂ.y:cos"l(I 32)
Find dx I+x7),0<x <1

] (I_xz )
y=cos 5
Given, I+x
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= COS Y = -
L+
1—tan®? 4
- ) :l—x
I +tan? 2 I+x*
2

Comparing LHS and RHS, we get

tanzzx

2

Differentiating with respect to x, we get

sec’ i.i[zj =i(x)
2 dx\2 dx

1d
:>sec2§><——=l

2 dx
d 2
—

)
sec? L

dx
L2
dx 2y

l+tan” =
2

Ldy 2
Tdx 1+x7

Question 12:

d—y:}zzsin_E l—x: ,0<x<1
Find 9x ~ 1+x°

W _][]._xz)
Y=g :
Given, 1+x

; 1-x?
y=51n'][ ng
l+x

=siny=

1+ x?

Differentiating with respect to x, we get

d , . d(1-x’
o — a1
dx (smy) dx(l+x2] ( )

Using chain rule, we get
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(sm y)= c0S y.— /i

cosy =+f1-sin’ y = [1-

]+x
) J( ) -(-x) _ o
(14 )2 (l+x ) X
Therefore,
L(siny) =24 -(2)

. [using quotient rule]
1+x°

i[lﬂ(mf}i@f)(uﬁ)i(m?)
dx (]+x2)2

_ (1+x2)(—2x)—(11—xz)(2x)
(l+x2)A

_ “2x—2x" = 2x+2x°

2

(1+x3)‘
= - ..(3)

From equation (1), (2) and (3), we get
2x Q ~ —4x
].+x2 dx (l.'..xz)z
. -
dx l1+x

Question 13:

dy [ 2% ]
——:y=cCo0s vl e ot
Find dx 1+x”

_ y=cos'1( 2'2]
Given, 1+x
y=cos ( 2 ]

1+x?

=)
cosy= .
1+x°
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Differentiating with respect to x, we get

2
——
+
-

(]
——
B |
—

o]
d
—
|
2
=
—
—
+
-~
"

Question 14:

&y y=sin_](2qu—x3),—L«cx<

1
Find dx 2 NG

e G 2
Given, 7 " (Zx : x)
y=sin"' (2xvl—x2)
:>siny=(2x\,‘1—x2)
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Differentiating with respect to x, we get

dy i O B zﬁ
cosy.E—Z[xdx(\/l X )+\/1 X dx}

1—-sin’ yd—i—ZB\h_z_x ] = 2}
d: X

dy —x*+1-x*

= 2x I— 2—-
\/ { V1=x? }
:>\/1 4 (1-° [1 25
= (1 2y )dy |:I —-2x° :|

= (1-24 )d—yz [

:t>dy—
dx \/l—x2

2-

Question 15:

d—y'y—sec'][;] O<x<—
Find dx’ 2x* -1) V2

. y=sec [ } ]
Given, 2% 1
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1
= y=sec”
4 ( 2% — 1)

|
=>secy=| —
s [2x~—1]

= cosy =2x" -1

=2x*=1+cosy
=V :2005ZZ

:>x=cos£
2

Differentiating with respect to x, we get

&0=g(>=3)

alzsinz.i[zj
dx\ 2
-1 _lay
SinZ 2 dx
ﬁﬁ: .
d sinv
dy -2
B
d l—cos;ZZ
\ 2
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EXERCISE 5.4

Question 1:

e
Differentiating the following wrt x: sin x

X

e
Let g sin x
By using the quotient rule, we get

i sin x%(er)—elr %(sin x)

dx sin® x

sin x.(e" ) - e".(cos x)

sin® x
e’ (sin X —Cosx)

sin® x

Question 2:

sin' x

Differentiating the following e

sin”' x

Let y=¢
By using the quotient rule, we get
@ = i(esin" _\-)
dx dx
a.d o
:esm .\.E(S}n Ix)
sin”'x l
=e
1—x?
B esin X
l=x
= =,X€ (—l,l)
1-x°

Question 3:

Differentiating the following wrt x:e*
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Let y=¢"
By using the quotient rule, we get

dy d o

s )
= e"‘.i(x"')
= e 3x°
=3x’e"

Question 4:

.. -1 _-x
Differentiate the following wrt * sin(tan” e )

Let ¥ =sin (tan"' e"'r)
By using the chain rule, we get

% = %[Sil‘l (tan‘1 e )]

= cos(‘ran‘1 e_")‘

:cos(tan'] c"‘). : =3 .i(c"")

_cOS(tan*'cf"’) L d

T s T dx

1+&*

—e7* cos (tan . e"")

X

l+e™?

Question 5:

Differentiate the following wrt - log(cos ')

Let »=log(cose")
By using the chain rule, we get
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% = %[iog( cose” )]

1 d
- - .—(cos &
cose” dx

] .
= \_.(—sme").
cose

e T

(e)

~ —sine’

X

cose’

=—e"tane’,e" #(2n+ 1)%—,”6 N

Question 6:

Differentiate the following wrt x:e* +e* +...+¢"

é(e"' et +...te’ )

Differentiating wrt x, we get
Rl et ) GG ) 25

=+ {e“: x ;’j—x(x2 )} + {e"'s X %(xs )} + [e'ﬁ X %(f )} + {""‘j A %(xj )]

[
=e* Jr(e"'2 ><2x)+(ex3 ><3—’52)+(‘9'r4 ><4x3)+(e"j ><5x4)

g - ~2 X 3 it 4 5
=¢ +2x¢" +3x7¢" +4x’¢" +5x7¢e

Question 7:

Differentiating the following wrt X:V e, x>0

Let }’=\/€T;

Then, y' = e

Differentiating wrt x, we get

yz:eJ}
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dy  sd
:>2'VE——€ g(\/;)
:,2‘]/-@=e\':;l_i
dx 2" Jx
ﬁ_ e\f';
dv  dyx
dy_ e
dx 4\}9& X
=
d w X
A © sxad)
N
Question 8:

Differentiating the following wrt ** log(logx),x>1

Let ¥ =log(logx)
By using the chain rule, we get

dy d
—=—/log(logx
2~ asoe(oe?)]
= ) i logx)
logx dx
11
logx x
= 1 x>1
xlog x
Question 9:

_COSX

) o ) B x>0
Differentiating the following wrt ~ logx

_COsX

Let = logx
By using the quotient rule, we get
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i(c-osx).]ogx—cosx.%(log x)

ay
dx (log Jr)2

: 1
—sinxlog x —cos x.—

X
(log x)2

log x.si
_ _[x 0g x.sinx + cosx}x}[)

x(log x)’

Question 10:

Differentiate the following wrt - cos(logx te )’x >0

Let V= cos(logx+e"’)
By using the chain rule, we get

%: —sin [10gx+e-*]_%(logx+9")
= —sin(logx+ e-*)_[%(log x)+%(e")}
= _sin(logx-!- e").(-l—+e"J

X

= —[l+ e"]sin(longr e‘*),x >0
X
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EXERCISE 5.5

Question 1:
Differentiate the function with respect to x: cosx.cos2x.cos3x

Let ¥ =cosx.cos2x.cos3x

Taking logarithm on both the sides, we obtain
log y = log(cos x.cos 2x.cos 3x)

= log y = log(cos x)+ log(cos 2x) + log(cos 3x)

Differentiating both sides with respect to x, we obtain

lap, 1 — (cosx) + .i(cos2x)+ .i(cosi’»x)
ydx cosx dx cos2x dx cos3x dx

:_@:y{_smx sin2x d( )_51n3x d 3x)}

dx cosx cos2x dx cos3x dx
d
d_y = —C0s x.c0s 2x.cos 3x [ tan x + 2 tan 2x + 3 tan 3x]
X
Question 2:

(-D(x-2)

Differentiate the function with respect to x: \J(r -3)(x-4)(x-3)

\j C-D(-2)

y —

Let  V(x=3)(x-4)(x-3)

Taking logarithm on both the sides, we obtain

- (x-1)(x-2)
oz _log\j(x—S)(x—éi)(x—S)

(x-1)(r-2) ]
(x=3)(x—4)(x-5)

= logy= %[log{(x —1)(x- 2)} —log{(x =3)(x—4)(x _5)}]

:blogy—i[log( —1)+log(x—2)—log(x—3)—log(x —4)—log(x— 5)]

1
= logy= log{
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Differentiating both sides with respect to x, we obtain

dx 2| x-1 x—2_x—3_x—4_x—5
dy 1 (x—-1)(x-2) [ 1 | 1 1 1 }
S— = -+ =i = iy

dx 2 (x—3)(x—4)(x—5) x—1 x-2 x-3 x—-4 x-5

Question 3:

=>£_3[1+1 1 1 1]

Differentiate the function with respect to x: (logx)™

Ccosx

Let Y z(k’gx)

Taking logarithm on both the sides, we obtain

log y = cos x.log(log x)
Differentiating both sides with respect to x, we obtain

d d
= :;(cosx). log(log x) + cosx.;[log(logx)]

X

o L
1= &|&

&

U

1 d
o
— < (1og)

=—sinxlog(log x)+ cosx.
g(logx) logx dx

&

U
Fa

I

COoSXx l}

logx x

J{—sinx log(logx)+

&

it = (log x)m'r[‘:l(:gi —sinxlog(log x)}

Question 4:

Differentiate the function with respect to x: x* —2"""
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Let y — x.\' i 2sin_r

Also, let x* =u and 2" =v
LYy=u—v

dy du dv

dx dx dx
u=x"

Taking logarithm on both the sides, we obtain

logu =xlogx

Differentiating both sides with respect to x, we obtain
1 du d

= [a(x)x log x + x %(logﬂ}

u dx

du 1
= —=u|lxlogx+xx—
dx X

du
—=x"(1 1
= x* (logx+1)

ﬁ%=xx (1+logx)

V= 2$m x

Taking logarithm on both the sides, we obtain
logv =sinx.log?2

Differentiating both sides with respect to x, we obtain
1 dv d oy

—.—=log2.—(sinx

DR eins)

dv
= —=vlog2cosx
dx

SR log 2
dx

% =x"(1+logx)—2""" cos x log2

Question 5:

2 3

4
Differentiate the function with respect to x: (x+3)" (x+4) (x+5)
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Let ¥ =(x +3)2 .(;f+-4-)3 .(x+5)4

Taking logarithm on both the sides, we obtain
log y = log(x+ 3)2 +log(x+ 4)3 +log(x+ S)4
= log y = 2log(x+3)+3log(x+4)+4log(x+5)

Differentiating both sides with respect to x, we obtain
Id_, 1 d
ydx  x+3 dx x+4
dy [ g 3 4 ]
===y 1 4
dx x+3 x+4 x+5

i(J\:+4)+4_
dx x+5 dx

dy 2 3 i 2 3 4
A 4 .
= (x+3) (x+4) (x+5) _x+3+x+4+x+5]

+4(x+3)(x+4)

2 (x+5)

d 2 | !
e e ) Bl e e

dy _ +3)(x+4) (x+5)
jg_(x 3)(x+4) (x+5) {+4(J-3+7x+12)

L dy : 2 3 2
s =(x+3)(x+4) (x+3) (9x* +70x +133)

Question 6:

Differentiate the function with respect to x: [ X

(-

l X
y=(x+—) +Xx
Let X
{1

U= [I +—‘J L1+—|
Also, let x) and v=x' Y

LYy=u+v
bodi b
dx dx dx

z(x2 +9x+20)+3(x” +8x+15)

|

2(x+4)(x+5)+3(x+3)(x+5)]
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- [x . l]’
Then, x

Taking logarithm on both the sides, we obtain
= logu = log[x-l- ~l—}
X

1
= logu = xlog(x + —}
-

Differentiating both sides with respect to x, we obtain

1 du d 1 d 1
L. —(x)x]og(er—] + XX ;{log[ﬁ —ﬂ

u dx dx X X

1 du [ 1) 1 a’[ ]]
= —.—=1Ixlog| x+— [+xx — x+—
u dx % ( l] dx x

X+—
X

& &

I
V SR N

-

+
|-
i

1
=
[ 3
£ |1
—
+
3
e
—

b

+
=
—

S
—
(=]
S

—_—
n
|

Now, v=x

Taking logarithm on both the sides, we obtain

|
= logv =log {x[it] ]

= logv = [1 +l]logx
X
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Differentiating both sides with respect to x, we obtain

1l dv | d 1 1) d
— —=|—| 14— ||xlogx+|1+— | —logx
v dx | dx X x ) dx
[—%Jlogxﬁ{nl).l

X X/ X

_logx+l

]
xz .)Cz

x
_ {—logx+x+l}

U

= |l= ==

U

&% &%

U

%

U
&% &%

2
X

x{"+_1][—logx+x+l} (3

Therefore, from (1), (2) and (3);

2 Pui B
d_y= [x+l—) {xz 1 +10g(x +l]j|+x[ "] [Lzlogx}
dx x x°+1 X X

Question 7:

. . . . . log x
Differentiate the function with respect to x: (logx) +x"*

log x

Let Y= (log x)'r +x

Also, let ¥ =(logx)" and v = xo=*

SY=u+v
©odu d
|\
dx dx dx

Then, = (logx)’

Taking logarithm on both the sides, we obtain
= logu = log [(log x)]

= logu = xlog(log x)

Differentiating both sides with respect to x, we obtain
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i.j—i=%[x)x]og(logx)Jrx.%[log(logx‘)]
du 1 d
= —=u| 1xlog(l +X. —(logx
= :{ xlog(log x) +x foe7) dx(Ogl):|
du ol X 1
= —=(logx) | log(l —
dx (ogl) i Og( 0gx)+(logx) x}
du x I ]
M _(logx)*| log(log x
=3 5 (log x) _ og( Ogl)Jr(logx)_
| ), I ]
:> ﬁz(log . log(log x).log x +
dx i log x
=5 ? =(log x)""[ 1+log x.log (log x) | il D)
x
v:xlogx

Taking logarithm on both the sides, we obtain
= logv= log(x'”g’r )

= logv = log xlog x = (logx)’

Differentiating both sides with respect to x, we obtain

1 dv d 2
;EZE[(lOgX) j|
l% = 2(10gx].%(log x)

= & = Zv(logx).—l-
X

A _ o oux 1085

dx x

dv log x—1
—>—=2x"""l0g> il 3
— =2 0g x (3)

—
Therefore, from (1), (2) and (3);

dy x-1 log x—1

- (logx) [1+logx.log(logx)]+2x 21 Joig

Question 8:

Differentiate the function with respect to x: (sinx) +sin Jx
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Let ¥ =(sinx) +sin"’ Jx

Also, let ¥ =(sinx)" and v=sin"'Vx

L Y=uUu+vy
dy_du dv (1)
dx dx dx

Then, 4= (sinx)"

Taking logarithm on both the sides, we obtain
= logu = Iog(sin x)"'

= logu = xlog(sin x)

Differentiating both sides with respect to x, we obtain
| du d ; d :
o —d—x( )xlog(sin x) +x.a[log(sm x)]

= ~j—u =u {1 xlog(sinx)+x, (Sh]] 3 .g;(sin x)}

X

du . ; X
—= 11 + .COS3
S (sinx) {og(smx) i) co x}

:?=(sinx)"'[xc0tx+[0gsinx] i(2)
x

v =sin" Jx

Differentiating both sides with respect to x, we obtain

dv 1 d
S S 84 %
g =

av 1 1

dc l-x 2Jx

&L )

dx  2x—x

Therefore, from (1), (2) and (3);

x—x

dy

== (sinx)" [xcotx +logsinx]|+
x
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Question 9:

sin x cos ¥

Differentiate the function with respect to x: * (sinx)

sin x

Let V=X +(§nxf%x

CO5 X

Also, let u=x"* and V= (sinx)

Sy=u+v
W (1)
dx dx dx

Then, u = x™*

Taking logarithm on both the sides, we obtain
= logu = log(x“i“"’ )

= logu =sin xlog x

Differentiating both sides with respect to x, we obtain
1 du d d
—.—=—(sinx).logx +sinx.—(logx
—.—==—(sinx).log ——(logx)

du { : f}
= —=u|cosxlogx+sinx.—
dx

X
é@:xs""*‘[cosxlogx+smx] vl 2)
dx x

'.«'z(sil‘lx]m'r
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Taking logarithm on both the sides, we obtain
= logv = log(sinx)"

= logv = cosxlog(sinx)

Differentiating both sides with respect to x, we obtain

%% = %(cosx) x log(sinx)+ cos x x de—[]og(sin x) ]

= % = v[—sinx.]og(sin X)+COoSX. Sirllx .i(sin x]]

= % = (sinx)™" [—sin xlog(sinx)+ ::: oS x}

= %: (sinx)™" [ —sinx log(sin x)+cot xcosx |

= % = (sinx )" [ cot x cos x —sin xlog (sin x) | wi(3)

Therefore, from (1), (2) and (3);

% _ i "cosxlogx 4 w-l +(sinx)™" [cotxcosx - sinxlog(sinxﬂ
X

Question 10:
XCOS X x2 + ]
Differentiate the function with respect to x: x* -1

XCOsX xz +1
=x
Let Y § |
oo X +1
Also, let u = x*** and xt -1
SLy=u+v
v du  d
= O, o Oy (1)
dx dx dx
Then’ u — x;\'COS,\'

Taking logarithm on both the sides, we obtain
= logu = log (x*""’“)

= logu = xcosxlogx
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Differentiating both sides with respect to x, we obtain

1]:'% = —;—x(x).cos x.log x+x. %(cosx),]ogx +Xx¢c0s x.;ix(logx)

du . 1
=——=u 1.cos x.log x+ x.(—sin x)log x + x cos x.—
X

72 :
o [cos xlog x — x.sin xlog x + cos x|
du Xeosx -
nazx [cosx([+logx)—x.sumlogx} +:(2)
_ x” +1
xt =1

Taking logarithm on both the sides, we obtain

= logv =log(x* +1)-log(x* -1)
Differentiating both sides with respect to x, we obtain

ldv_ 2x s
vde x*+1 x*-1
ﬂﬁ_v'h‘(x: —I)—Zx(xz+l)]

dx (x> +1)(x*-1)
3£:x2+lx —4x

de X' -1 | (2 +1)(x* 1)
. (3

@ (< -1)
Therefore, from (1), (2) and (3);

dy

4x
(v 1)

dx

XCOS X
=X

[cosx(1+logx)—x.sinxlogx |-

Question 11:

Differentiate the function with respect to x: (xcosx)” +(xsinx)s

1

Let ¥ =(xcosx) +(xsinx)s
. ) !
Also, let ¥ =(xcosx)" gpq v=_xsinx):
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SLy=u+v
A U (1)
dx  dx dx

Then,lt:(xcesxy

Taking logarithm on both the sides, we obtain
= logu = (xcosx)’

= logu = xlog(xcosx)

= logu = x[logx +logcosx]

= logu = xlog x + xlogcosx

Differentiating both sides with respect to x, we obtain

l du _d
u dx dx

=% % = quog x.%(x) 4 x.%(log x)} + {Iog Cosx.%(x) = x.%(log COSx)H

(xlogx)+ %(x log cos x)

:>—=(xcosx)x_ 10gx.'l+x.l +4logcos x.1+x, : 1£(cosx)
dx . x cosx dx

= E =(xcosx)" _(logx +1) +{10g cosx + co);x (—sin x)H

:% =(xcos x)*‘ :(1 +logx)+(logcos x — xtan x)]

3% :(x cos x)*' i(l —Xxtan x.) + (Iog x +log cos x)]
ag:(xcosx)x :l—xtanx+10g(xcosx)] (2)
v =(xsin X)lr

Taking logarithm on both the sides, we obtain
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1
= logv = log(xsinx)x

= logv = lIog(xsin x)
X

= logv = —]-(longr logsin x)
x

1 1 .
= logv =—logx+—logsinx
s Y

Differentiating both sides with respect to x, we obtain

ldv_d llo x +i l10 (sin x)
vdx dx\x g dx| x s

1 i (1)L g onon) (L)L 2 foggins]
1 d

v x) x
1 dv 1 11 1 1
= ~—=|logx| —— |+—.— |+|log(sinx}.| ——= |+—. —(si
v dx {ng[ xzj x x] [Og(smx)( sz x sinx dx(smx)]
l :
:lﬂ:%(l—logx) {— Og(szlnx)_i_ 1 .cosx]
vde x X xsinx

:ﬂz(xsinx)g > >

: _l—logx N —log (sin x)+xcot x
X X

—

= ﬂ =(xsin x); l_logx—log(jmx)+xcotx]
X

= id =(xsin x)§
dx 2

X

! _1—log(xsinx)+xcotx]

Therefore, from (1), (2) and (3);

2

x2

* 1 tx+1~1] '
EZX =(xcosx)"[1-xtanx +log(xcosx) |+ (xsinx)s PCO £+ Og(xsmxﬂ
X

Question 12:
dy
Find dx of the function X +y" =1

The given function is X" +" =1
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Let, x’ =u and V" =V
Su+tv=1
By i)
dx dx

Then, u =x"

Taking logarithm on both the sides, we obtain

= logu = [og(x-")

= logu = ylogx

Differentiating both sides with respect to x, we obtain

1 du dy d
——=logx—+ y.—(log
e log)
ﬂﬂ-u[lo xd—y+ l}
% S W
:>£:x-"[]ogx@+i} wil 2)
dx dx x
Now, v=y"

Taking logarithm on both the sides, we obtain
= logv = log(y'T )
= logv=xlogy

Differentiating both sides with respect to x, we obtain

I av d d
——=log y.—(x)+x.—(logy
v dx ogydx(x) xcb:(OgJ)
=5 L v{log v.1 +x.l.d—y}
dx y dx
av . x dy
=—=y"|logy+—— cil B
dx y{ 5 dx—‘ )

Therefore, from (1), (2) and (3);
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X {l —“V X] y“’[log;ﬁi.ﬁ}:{)
y dx

= (x* logx +xy* )%:—(yx-""+yrlogy)

dy —(yxy_t +y* iogy)
o (x"" logx+xy”")

Question 13:

dy
Find dx of the function »" =x'

The given function is »" =x"

Taking logarithm on both the sides, we obtain

xlogy=vlogx

Differentiating both sides with respect to x, we obtain

d d d d
logy.a(x) + x,a(]ogy) = logx.a(}) +y.—(logx)

dx
1 dy dy 1
= logy.l+x.——=—=logx.—=+y.—
gy. ya‘x g & J’x
:>logy+ logxay y
b% a’x
a :
ﬁ[i—logx]—y:i—logy
y dx x
5 x— ylogx _@:y—xlog_}?
y dx X
LA _y[y-—xlogy
de x| x—ylogx

Question 14:

dy .
Find dx of the function (cosx) = (COSJ” )
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The given function is (cosx)" =(cosy)’
Taking logarithm on both the sides, we obtain

vlogcosx =xlogcosy

Differentiating both sides with respect to x, we obtain

log cos x. % + y,i (logcos x) = log cos y.% (x)+x %(log cos )

dy d d
= logcosx.— + . —(cos x] logcos y.1+x. — (cos y)
dx cosx dx cosy dx
:logcosxd—er (-sinx) = log,cosv+— (-siny).— @
dx cosx cos y dx

dy dy
=> logcos x.— — ytan x = logcos y — xtan y—
dx dx

=
. dy ytanx+logcosy
Tdx xtan y+logcosx

dy
= ytan x +logcos y
I

Question 15:

dy

Find dx of the function xy =€

The given function is Xy = e

Taking logarithm on both the sides, we obtain

log xy log( )
= logx+logy =(x—
= 10gx+logy=(x—y)X1

= logx+logy=(x-y)

Differentiating both sides with respect to x, we obtain
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d dy
—(1 +—(1 =—(x)——
(logx) +—-(logy) = —-(x) -~
L, Ldy 5 @
X ydx_ dx
:>[I+l]@_1—l
y)dx x
y+lidy _x-1
y Jdx X
dy _y(x-1)
dx  x(y+1)

Question 16:

Find the derivative of the function given by S(x)=(1+ x)(l +x° )(1 +x° ) (1 * xg) and hence find

(1),

The given function is F(x)=(1+x) (1) (1+x*) (14 x*)
Taking logarithm on both the sides, we obtain

log f (x) =log(1+x)+log(1+x*)+log(1+x*)+log(1+x*)
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Differentiating both sides with respect to x, we obtain

[f ]:—-logl x)+%log(1+x)

\;) d
+<log(L+x')+ 4 log(1+)
N f(lx) L) g (144)
l+lx'1'%(Hf)JFHIx*'%(Hxs)
f'(x)= j(x)|:1+l l}v 2x+l+1x4.4x3+1+1x8.8x?}

—+ % =
l+x 1+x° 1+x 1+ x

f'(x):(l+x)(1+sz)(l*x‘l)(“xg){ 1 2 4t 8y }

Hence,

PO aefier oo e 201020

=2x2x2x2{l+~2—+i+§]
2. 2

2 2
—[6(‘5]
2

=120

Question 17:

-Sx+ 8)(}5‘1 +7x+9)

2
Differentiate (x in three ways mentioned below.

(1) By using product rule
(i1)) By expanding the product to obtain a single polynomial.
(iii) By logarithmic differentiation.

Do they all give the same answer?

Lot ¥=(x"—5x+8)(x’+7x+9)

(1) By using product rule
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Let ¥ =(x2_5x+8) and v=x’+7x+9
Sy=uw
W
de  dx dx
= —d@—r = EE{():2 —5x+8).(}:“ +7x +9)—Ir(}:2 —5x+8).%(x:’ +7x+9)

= % =(2x=5) (> + 7x+9)+(x* - 5x+8)(3x" +7)

(product rule)

=5 % = 2x(x* +7x+9) - 5(x* +7x +9)+x* (3x7 +7)

—5x(3x2 + ?) +8(3x2 4 ?)

e D (2x4 +14x7 +18x) - 5x° — 350 — 45+ (3x* +7x?)
dx

=5 _ci =—15x> —35x+24x* +56
dx

% =5x*—20x +45x* -52x +11

(i) By expanding the product to obtain a single polynomial.
= (x2 —5x+8)(x3 +7x+9)
=x* (' +7x+9) - 5x(x" +7x+9)+8(x’ +7x+9)
=x" +7x +9x° —5x* —35x" —45x +8x’ +56x + 72

=x° —5x* +15x° = 26x* +11x+72

Therefore,

in(xS—Sx“+153<:3—26Jnt3+Hx+?2)

dx dx
d d d .5 d y o d d
:a(xﬂ)_SE(x“)HSE(x')—26a(x’)+11£(x)+a(?2)

=5x' —5(4x")+15(3x ) - 26(2x) +11(1)+0
=5x* —20x" + 45x° —52x +11

(111) By logarithmic differentiation.
y= (x2 -S5x+ 8)()53 +7x+ 9)

Taking logarithm on both the sides, we obtain
logy = lc'g(x2 —5x+8) + lcog(;c3 +Tx+ 9)
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Differentiating both sides with respect to x, we obtain

%.%=%log(x2—5x+8)+%10g(x3+7x+9)
1 & 1 d 1 d
:>;.£=m.£(x2—5x+8)+m.—(x3+7x+9)
1 1
:>%=y|:m(2x—5)+m(3xz+7):|
[ 2x-5 3t +7
i%z(xz—5x+8)(x3+7x+9)_x2_x5x+8+x3f7;+9}
B _ 3 2 2
:ﬂ=(x2_5x+g)(x3+7x+9) (2x-5)(x -2|-7x+9)+(3x +7)(x* -5x+8)
dx I (¥* =5x+8)(x* +7x+9)
z>%=2x(x3+7x+9)—5(x3+7x+9)+3x2(x2—5x+8)+7(x2—5x+8)
é%:2x4+14x2+18x—5x3—35x—45+3x5—15x3+24x2+7x2—35x+56
:>@=5x4—20x3+45x2—52x+11
dx

dy
From the above three observations, it can be concluded that all the results of dx are same.

Question 18:
If u, v and w are functions of x, then show that

d du dv dw
—(u.u.u-’) = —VW+U.— W+ UV, —
dx dx dx dx

in two ways - first by repeatéd application of product rule, second by logarithmic
differentiation.

Let Y =uvws= u.(v_w)
By applying product rule, we get

% = %.(1‘.”?) +u %(v,w)

= % = %,(1:*,1-»') +u {i W x%] (Again applying product rule)

dy du dv aw
=D = =— VWt U— W+ UV.—
dy  dx dx dx
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Taking logarithm on both the sides of the equation ¥ = #.v.W | we obtain
logy =logu+logv+logw

Differentiating both sides with respect to x, we obtain

l®
y dx
ldv ldu 1dv 1dw
D — =t ——
vdx wude vde wadx
dy ldu Tdv 1dw
D=y ——F——t—
“\ude vde wadx

= :—x(log ) +%(logv) + %(Iog w)

dy (l du ldv 1dw
=S =YUYW ——F——+——
dx udx vdx wdx

d du dv dw
—(u,v.w) =—VWHU— WUV —
dx dx dx dx
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EXERCISE 5.6

Question 1:
If x and ¥ are connected parametrically by the equations * =2at”,y = at*  without eliminating

&
the parameter, find dx

. 2 4
Given, x=2at",y =at

Then,
& i(z.gf) = 2a.i(r2)= 2a.2t = 4at
dt dt dt
' 9 i(aﬁ )= a.i(f )=a4r =4at’
de dt dt
&)
dy _\ dt _dat’ 3
t [@ J 4at
dt

Question 2:
If x and ¥ are connected parametrically by the equations x=acosf,y=bcos6  without

dy
eliminating the parameter, find dx

Given, x=acost,y=bcos0
Then,

j; ;;) (acosf)=a(-sinf)=-asinf

—(bcos@) = b(—sin@) = —bsinb

dy
a‘y df) —bsin® b

[d_)_—asinﬂ_a

do
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Question 3:

If x and ¥ are connected parametrically by the equations X=sint,y=cos2r  without

dy
eliminating the parameter, find dx

Given, x =sint,y =cos2t

dx ;
—_—= —(smt) =Ccosft
Then, dr dt

. i(cos 21)=—sin 21.%(2:) =-2sin2¢

dt dt
b
d dt -2s8in2¢t -2.2sinfcos? .
L= i = =—4sint
dbx (@j cos? cost
dt
Question 4:

x =4t sV = . . e .
If x and ¥ are connected parametrically by the equations Y= , without eliminating
dy

the parameter, find dx

— 4ty =
Given,x by
dx d
aX _ 9 e
at dt()

Question 5:

If x and ¥ are connected parametrically by the equations X =c0s@ —cos26,y =sinf —sin 20

dy
without eliminating the parameter, find dx
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Given, X =cosf —co0s20, y =sin 6 —sin 20
Then,

dc d
4o do
=—sinf —(—2sin260) =2sin 20 —sin O

L. i(simfl —sin20) = i(sin(i‘)—i(sin 20)
de do do de

=cosf —2cos 20

(cos6 —cos26) =;j%—(c036) -—fé—(cosw)

dy
L dy [EJ _ cosO —2cos 20
T (cix] ~ 2sin26 —sind
do

Question 6:

If x and Y are connected parametrically by the equations * =a(0—sin0),y=a(1+cos0)

dy
without eliminating the parameter, find dx

2

Given, ¥=a(0—sin0),y=a(l+cos0)

dx _ a[i((;})—i(sin 9)] = a(1-cos0)

Then, d6 | d0" ' d6

dr [d d : .

—=a|—/(1)+—I(cosB) [=a| 0+(—-sinf) |=—asinb

B —al )+ (c0s0) | =al0+(sin6) ] =
a4 ssin cos?  —cos?

.@_ 40 B _d5ihe _— SIHECOSE_ COS—__CO"Q
Cdx (dx) a(1-cos@) 2sin39— sinﬁ 2
do 2 2

Question 7:

sin’ ¢ cos’

: : = Y= :
If x and ¥ are connected parametrically by the equations Jeos 2t Jeos 2t | without
&
eliminating the parameter, find dx
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sin’¢ cos’
_x= F=
Given, Jeos 2t Jcos 2t
Then,

de _d sin’ ¢
dar dar Jcos 2t
Jeos2t.— (sin’ r) —sin’ r.%\/cos 2t

cos 2¢

EL|:>_,

't

—_— d , . )
Jeos 2t 3sin’ I.E(sm.‘)—sm'%rx cos2r)

1
2Jcos2t di (

cos 21

2ol
3/cos 2t .sin’ t.cost — ST (—2sin2r)

2+ cos2t

cos 2t

~ 3cos2s.sin® 1cost +sin’ 7.sin 21

cos 21+/cos 21
d_y_i[ cos’ 1 ]
dt  dt| Jcos2t
d 3 s d
\Jcos2x.§(cos I)—cos t.a(\}cosm)

cos 21

d R 1 d
Jeos2r.3cos’1.— (cost)—cos' . ——— . (cos 2t
_ a’z( ) 2+/cos 21 dt( )

; cos 2/

3cos2t.cos” 1(—sint)—cos’ 1.

~2sin21)

1
Jeos 21 (

cos 2t
~ —3¢0s2t.cos’ £.sin{ +cos’ £.sin 2/

cos 2i~cos 2t
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E _ cos 2t.\/cos 2t
dx (dxj 3cos 2t sin’ £.cost+sin’ £sin 2¢

E COSs 2f~JCOs 2t

_ —3cos2t. cos” £.sinf+cos’ £sin 2¢

dy —3cos2f.cos” £.sint +cos’ £sin2¢
LAy _

 3c0s2t.sin’t.cost+sin’ £sin 2t
—3cos2t.cos? t.sint +cos’ t(2 sinfcos t)

 3c0s2f.sin’ f.cost +sin’ ¢ (2 sin £ cos t)

sinfcost [—3 cos2t.cost +2cos’ t}

sinfcost [3 cos2tsint +2sin’ t}

[—3(20032t—1)cost +20053t} cos 2f Z(QCOSZt—l)
[3(1 —2sin? t)sint+2sin3 t] cos2f = (1 —2sin? t)
—Acos’ t +3cost cos3t = 4cos’ f —3cost
3sint—4sin’ ¢ sin3f =3sint —4sin’ ¢t
—Ccos 3¢
= (_;O—S = —cot 3¢
sin 3¢

If x and ¥ are connected parametrically by the equations
D
without eliminating the parameter, find dx

t A
) x:a[cosﬂ— logtan—],y:asmt
Given, 2,

I A
xza(cosr +log tan 5],}' =qasint

9
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Then,

ax =a. d(cos!)+i lo tanlr
a7 dt 7 i

1 d t
=d —Slnr‘l'—t; tana
tan = ¥
L 2
- .t d(t
=a|-sint+cot—.sec” —.—| —
I 2 2 dt\2
I !
_ 4::05;2 1 1
=d|—sm/+ X —
1 12
sin cos
L 2 2
o ]
=q|—sml{+———
[
2sin— cos—
L 2
5 1
=qa|—-smi+——
. Smr]
—sinzr+1J
= —
sint
cos’ t
sin¢ J
d d
—V—a—(smr) acosft
dt dt
Therefore,
d si
dy _ df - acost. - sint ———
dx [dx] cos> ¢ cost
a—
dt sint
Question 9:
If x and ¥ are connected parametrically by the equations x=asec,y=>btan0  without
dy

eliminating the parameter, find dx

Given, x=asect,y =btan0
Then,


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

ﬁ= a.i(sect?) =asecOtan0
df

de
d_y:b_i(tan@):bseczg
A6 d6
Therefore,
£
dy _\do)
= [
do
B bsec’ 0
asecBtanf
:ésecﬂcotﬁ
a
w, BEOED
acos@sing
b 1
=¥ -
a sinf
=£cosecl9
a

Question 10:
If X and y are

x=a(cos€+95in9),y=a(

Given, ¥ = a(cost9+9$in9),y =a(sin9 -0 0059)

Then,
ﬁ: a icos@ +i(85in9)
do do de

connected

= a[—sin(%tﬁi(sinﬂ)—# sin@ﬁ(f?)]
do do

= a[-sinf +6 cosO +sin 6|
= af cosO

L4 :a{i(sinﬂ)—i(ﬂ cos@)} =a| cosé —{8 i(009,19)+ cosﬂ.i(ﬁ')}
do | do do do d6

=afcos@ +0sin@ —cos0 |

=af sinf

parametrically

by

the

equations
dy

sin@ —0 cos0) , without eliminating the parameter, find dx
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Therefore,

dy
dy _ ['de']
dx (dx)
(4)
_ afsin6
" 4 cosO
=tanf

Question 11:
dy y

If x=" f‘aﬁin_'rjy: I|'ac0.<".r ’ show that E__;

. sin™! 05!
Given, x=va™ ' and y=Va*" '

Hence,
I 1

! e L I
[' o] T P —5In ¢ I|| -~ PR —C0s 1
x= as-m i’ :(ahlﬂ -‘)_ o ag = amb { :(ac{}b r)h = az
and ¥

Lis =
—sin"t

Consider x =a?

Taking log on both sides, we get

Lo
logx=gsm tloga

Therefore,
1 dx 1 ,
;.E~Eloga.—f(sm r)
dx x
—=—loga
a2 1-72

dx  xloga

dat 2\1-¢

I
—cos' ¢

Now, y=a’

Taking log on both sides, we get

Lo
log x =Ecos tloga
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Therefore,
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EXERCISE 5.7

Question 1:
Find the second order derivative of the function x° +3x+2

Consider, ¥ =x"+3x+2

Then,

dy d, .\ d d

Eza(}f )+E(3X)+a(2)
=2x+3+0

=2x+3

Therefore,
d’y d
FZ—.(ZX+3)
d d
=—{(2x)+—(3
dx(l)+dx()

=2+0

Question 2:
Find the second order derivative of the function x*°

Consider, V= x*
Then,
@ - i ( xzﬂ)
dx dx
=20x"

Therefore,
d*y d i
B |
d 19
=20£(x )
=20.19.x"
=380x"®
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Question 3:
Find the second order derivative of the function xcosx

Consider, ¥ =xcosx

Then,
dy

E=%(x.cosx)

- cosx.%(x)er%(cosx)

=cosx.l +x(—sin x)

=CoSXx—Xxsinx

Therefore,
dy d
dx*  dx

[cos x—xsin x]

= %(cos x)- %(xsin x)

X

=—sinx- {sinx.%(x) T x.di(sin x)}

= —sinx—(sinx+ xcosx)

=—(xcosx+2sinx)

Question 4:

Find the second order derivative of the function logx

Let y=logx
Then,

dy d
— =—{log
dx dx(og\’)

Therefore,

dly_a7)
dx?  dxl\x

=1

X
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Question 5:

Find the second order derivative of the function X’ logx

Let v = x log x

Then,
g}y- = % [x3 log x}

= Iogx.%(x3)+x3.%(logx)

2 I 2
=logx.3x” + x*.— = log x.3x" + x°
x

=x’(1+3logx)

Therefore,
d’y _dr.,
r =E[x (I+310gx)]
d . d
=(1+31 —{x7 )+ x —(1+31
( 0g x) dx(x ) x dx( 0gx)
=(1Jr?)lt:)g_ac},lvw.afz.E
X
=2x+6logx+3x
=5x+6xlogx
=x(5+6logx)
Question 6:

Find the second order derivative of the function e* sin 5x

Let ¥ =e"sin5x
Then,


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

@ = i(e‘ sin Sx)
dx dx

=sin 5xx %{e“' ) +e* %(sin 5x)
=sinSx.e” +e".cos Sx.i(Sx)

=e"sinSx+e" cos5x.5

=e¢" (sin5x+ 5c0s5x)
Therefore,
d’ ¥y
dxz

:—-[e (sin5x+5c0s5x) ]

= (st

( e® )+ e —(sm5x+50055x)

=(sin5x+5cos5x)e” +e {COSSI— (5x)+5(- sinSx).%(Sx)}
(

=e"(sin5x +5c0s5x)+e" (5c0s 5x —25sin 5x)

(]OCOSS) —24sin Sx)
=2¢"(5cos5x—12sin5x)

Question 7:

Find the second order derivative of the function ¢** cos3x

Let ¥ =e" cos3x

Then,
@& 4 (ef’* cos 3x) = oS 3x.— d (e’“’ ) +e(”'.i(cos3x)
dx dx dx dx

= cos3x.e(’x.%(6x) +e”.(=sin 3x).d—dx-(3x)

= 6¢"" cos3x—3e” sin 3x (1)

Therefore,
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dy_d

= (6:’36‘1r cos3x —3e* sin 3x) = é.i(eﬁ‘“ cos 3x) -3 .%(eﬁ" sin 3x)

dx dx dx

- 6.[666‘ cos 3x— 3¢ sin 3x] = 3.|:sin 3x.% (e‘“r ) + e‘”.% (sin 3x)}

= 36¢°" cos3x—18¢ sin 3x - 3[ sin 3x.¢™" 6 +¢**.cos 3x.3 |
=36e™ cos3x—18e” sin 3x —18¢°* sin 3x —9e° cos 3x
=27e** cos3x—36e* sin 3x

=9¢°* (3cos3x—4sin3x)

Question 8:

Find the second order derivative of the function tan™ x

Let y=tan"'x

Then,
ix_y = %(tan' ' x)
|

1+x2

Therefore,

d’ d | d -1
a.’xg) :Ex{ljtxlj:—(l”z)

= (=) (1+27) " (147)

. —2x
(lerz)2

Question 9:

Find the second order derivative of the function log(log)‘ )

Consider, ¥ = log(log x)
Then,

[using (l)]


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

& =%[]og(log x)]

dx
1 d
= —( log
logx a"x( o;,x)
1 1 -1
= .—=(xlogx)
logx x

Therefore,

j;}; = %[(x log x)_’]

=(-1).(xlogx)~ %(’C log x)

-1 d d
= | log x.— x.—(logx
(xlog x)’ [ng dx(x)+ i dx( og;\,)J

= 2.[10gx,1+x.l}
(xlog.x) X

B —(l+logx)
- (xlng)z

Question 10:

Find the second order derivative of the function Sin (logx )

Let ¥ =sin(logx)
Then,

% = %[sin x(log x)]

=cos(logx) .di(logx)
x

_ cos(logx)

X

Therefore,

dzy_ d | cos(logx)
dx*  dx x

x.%[cos(logx)} —cos(log x)%(x)

2
X
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i x[—sin(log x).%(logx)}— cos(logx).1

dax’ x*

—xsin (log Jc)l —cos(log x)
_ X

x2

_ ~[sin (log x) Tcos (logx)]

¥

Question 11:

d’y
_ - —5ty=0
If y=5cosx—3sinx prove that dx

Given, ¥ =5cosx—3sinx

Then,
& =£(5 cos x)-i(?asin x)
dx  dx dx

=5%(cosx) —3%(5&: x)

=5(—sinx)-3cosx

=—(5sinx+3cos x)

Therefore,

2

ix—f = %[—(5 sin x+3cos x)]
= —{5.%(sin x)+ 3.%(003:&?)}
=—[5cosx+3(-sinx)]
=—[5cosx—3sin x|
=Y

d’y
=0
Thus, d >

Hence proved.
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Question 12:
d’y
If y=cos” x find dx* in terms of ¥ alone.

. -1
Given, y=c0s X

Then,
% = ;x(cos" x)

-1

) S

:—(l—x

)
—
2

Therefore,

But we need to calculate dx® in terms of V
= y=cos" x

=5 X = CO8 J¥

Putting x =co0sy in equation (1), we get


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

d’y  —cosy

ax (l—mszy)3
__—cosy
(Sin2 y)3
_ —COosy

*
sin” y

_—cosy 1

siny sin’y

=—cot y.cosec’ y

Question 13:
1f ¥ =3cos(logx)+4sin(logx) show that ¥, +x7,+y=0

Given, Y= 3 cos(logx) +4sin(log x)

Then,

= 3‘%[cos(logx)} +4. %[sin (logx)]

_ 3,[_sin(1og x),%(]ogx)]+4.|:cos(log x).%(logx)}

_ —3sin(logx) . 4cos(log x)

X X
_ 4cos(log x)—3sin(logx)

X

Therefore,
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Y2

_d 4cos(log x)—3sin(log x)

" dx x

X {4cos (log .x) —3sin (log x)}'— {4cos(log x) —3sin (log x)}{x}
x'.?

x.[4{cos (log x_)}'— {SSin(logx)}’J—{tlcos(log x_)—SSin(log x)}.l

X

x.| —4sin(log x).(log x})'-3cos(log x).(log x)' | —dcos(log x ) +3sin(log x
_ x| Asin(logx).(log x) (logx).(logx)'] (log x)+3sin (log x)

b o

x.{—-fl sin (log x) L —3cos(logx) l} —4cos(log x)+3sin(log x)
x x

2
X

_ —4sin(log x)—3cos(log x)—4cos (log x)+3sin (log x)

e
_ —sin(log x)—7cos(log x)

x2

Thus,

Xy, +xy,+y=

2
X X

_t2 {—sin (logx)-7 cos(logx)}k t(ﬁlcos{logx] —3sin(log r)J

] +3cos(logx)+4sin(log x)

[ —sin (log x)—7cos (log x] +4cos (log x) —3sin (log x)
+3cos (log x) +4sin (log x)

Hence proved.

Question 14:

If y=A4e™ +Be™ show that dx’

2
Q—(m+n)~§£+mny=0
X .

HEX Hx

Given, y = Ae™ + Be

Then,
dy ' p e d |
£=A.£(e )+B.a(e )

=Ae™. % (mx)+B.e™. % (nx)

mx FLU

= Ame™ + Bne
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Therefore,

2
d—’f = E(Ame”“ + Bne"")
dx”  dx
d Iy d nx
= Am.z(e )+Bn.dx (e )
K i " nx i
= Am.e .dr(ma)+Bn.e afx(nx)
= Amlenrx_'_gnzem'
Thus,
d’y dy

T (m+n) a+ mny = Am*e™ + Bn'e™ —(m+ n).(Ame”’” + Bne"’) + mn{Ae’”’ + Be™ )
= Am*e™ + Bn'e™ — Am’e™ — Bmne™ — Amne™ — Bn’e™ + Amne™ + Bmne™
=0

Hence proved.

Question 15:
d’y
Tx ~Tx =49
If ¥y=500e™ +600e ™  show that dx*

Given, ¥ =500¢"" +600e "

Then,
v d ;5. d g .
Iz":soo‘g(e’ )+600,E(e %)

& 500,e“.i[?x]+6003‘“.i(—7x)
dx dx

=13500e™ — 4200677

Therefore,

da v d X d -Tx
3 =3500e™.— () - 4200 (™)

X

=3500.e?-2%(7x)— 42007, % (7x)

dx
=7x3500.™ +7x4200e77

=49x500.™ +49x 600"
=49(500e™ +600e )
=49y

Hence proved.
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Question 16:

d_z_x_[ﬁ};)z
If e'\(x“Ll):l,showthat dx® \dx

Given, e (x+1)=1
e (x—i—l):l

:beyz—l—-
x+1

Taking log on both sides, we get

=1
Y= R )

Differentiating with respect to x, we get

ﬂz(xﬂ)i(L]
dx dx\ x+1

-1

(Jc+1)2

=[.x+l).

=]

x+1

Therefore,

f;xy :%{le):_[(xlll)z]

2]

Hence proved.

Question 17:

If y:(ta“_lx)z, show that (xz "'])2 Y +2x(x2 +1)y| =2

Given, ¥~ (tan" “‘:)2


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Then,

=5 =2t x%(tan“ x]

=5y, =2tan" x.[l - a]
3-8

$(1+x3)y1 =2tan”' x

Again, differentiating with respect to x, we get

:>(1+x2)y2+2xy, =2( l ,J

1+ x°

:>(]+x2)2yz+2,vc(1+x2)yI =2

Hence proved.
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EXERCISE 5.8

Question 1:

Verify Rolle’s Theorem for the function / (x)=x"+2x-8,xe[-4,2]

Given, / (x)=x"+2x -8 being polynomial function is continuous in [-4.2] and also

differentiable in (—4:2).
f(-4)=(—4) +2.(-4)-8
~=16-8—8
=

f(2)=(2) +2x2-8
=4+4-8
=0

Therefore, / (—4)=/(2)=0

The value of / (x) at —4 and 2 coincides.

Rolle’s Theorem states that there is a point €< (—4:2) such that /"(¢)=0

_}"(J()zxE +2x—8

Therefore, / "(x)=2x+2

Hence,
‘f’(c) =0
2c+2=0

c=-1

Thus, ¢=—1€ (—4.2)

Hence, Rolle’s Theorem is verified.

Question 2:
Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say
something about the converse of Rolle’s Theorem from these examples?

(i f(,t):[x] forxe [5,9]
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f(x)=[x] forxe[-2,2]
f(x)=x*-1forxe [1,2]

(ii)
(iii)

By Rolle’s Theorem, /' [a.b] > R

If
(a) / is continuous on [a.D]

(b) / is continuous on (a.b)

() /(a)=1(b)

Then, there exists some € € (4.5) such that /"(¢)=0

Thus, Rolle’s Theorem is not applicable to those functions that do not satisfy any of three

conditions of the hypothesis.

o J()=[] forxe[s9]
Since, the given function /(%) is not continuous at every integral point.
In general, /() is not continuous at x=5 and x=9

Therefore / '(x ) is not continuous in [5=9]

Also, I(5 [5] S and /(9)= []=9
Thus, 1(3)=s(9)

The differentiability of / in (5:9) is checked as follows.

Let n be an integer such that " € (5.9)

The LHD of f at x=n is

i f(n+h)—f(n] [n+h] [n] —n_ ]im_—1=oo
h—0 h ;:—>o h—>0 h =0 h

The RHD of f at x=n is

A Lt ot PO 1 | [”J’h] 7] i =7 timo=0

=0 h h—0" h=0"  h h—0"

Since LHD and RHD of / at x=n are not equal, f is not differentiable at x =n
Therefore, / is not differentiable in (5.9).
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(ii)

(iii)

It is observed that /* does not satisfy all the conditions of the hypothesis of Rolle’s
Theorem.

Thus, Rolle’s Theorem is not applicable for f(x)=[x] forxe[5,9]

S(x)=[x] forxe[-2,2]
Since, the given function /(%) is not continuous at every integral point.
In general, /(%) is not continuous at x=-2 and x=2

Therefore, / '(x ) is not continuous in [_2 2]

Also, Ji= [ 2]‘ -2 and /(2 [2] 2
Thus, .f(—) f(2)

The differentiability of / in (-22) is checked as follows.
Let n be an integer such that /7 € (-2.2)

The LHD of / at x=n is

s (n+h) (n) [n+h]~[n]=limn—1—n o -1
hs0 Ir—>l) h h—0 h =0 h

The RHD of / at x=n is

R ) o PPN 1) L O 0 . SR
B0 h ;;-»0' h k-0 h IO

Since LHD and RHD of /* at x=n are not equal, fis not differentiable at x =n
Therefore, ./ is not differentiable in (—2,2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s
Theorem.

Thus, Rolle’s Theorem is not applicable for ./ (x)=[x] forxe[-2,2]

f(x)=x*~1forxe[l,2]

Since, / being a polynomial function is continuous in [1.2] and is differentiable in (1-2)
Thus,

f)=(1y-1=0

f(2)=(2) -1=3

Therefore, / (1)=7(2)
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Since, / does not satisfy a condition of the hypothesis of Rolle’s Theorem.

Hence, Rolle’s Theorem is not applicable for / (x)=x"-1forxe[L,2]

Question 3:

it /:[-5.5] > R i a differentiable function and if /" (¥) does not vanish anywhere, then prove
that / (=3)# /S (5).

Given, f: [ =3 5] = R 5 a differentiable function.
Since every differentiable function is a continuous function, we obtain

[-5.5]
-5,5)

(i) / is continuous on

(i) / is continuous on (

Thus, by the Mean Value Theorem, there exists ¢ € (=5.5) such that

- o= LOAD
=107°(c)= /(5)-(-5)

It is also given that /"(%) does not vanish anywhere.

Therefore, / "(c)=0
Thus,

=10/"(c)#0
= f(5)-/(-5)=0
=f(5)#f(=5)

Hence proved.

Question 4:
Verify Mean Value Theorem, if S(x)=x"—4x-3 i the integral [a.5] ,where a=1and b=4.

Given, f(x)=x"-4x-3

/', being a polynomial function, is continuous in [1.4] and is differentiable in (1’4), whose
derivative is 2x—4.
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Thus,
f()=1"-4x1-3=-6
f(4)=4"-4x4-3=-3

Therefore,
f(b)-rf(a) _f(4)-1()
b-a 4-1
_3-(-6)
3
3
3

=1

Mean Value Theorem states that there is a point ¢ € (1.4) such that /“(¢)=1
Hence,

= f'(c)=1

= 2c—4=1

= c:g {thrc c:ée(l,4]]
2 2

Thus, mean value theorem is verified for the given function.

Question 5:
Verify Mean Value Theorem, if / (x) =" =5x"=3x i the interval [4:2] where a =1 andb =3.
Find all € €(1:3) for which /"(¢)=0,

Given, f'is f(x)=x"-5x"-3x

/', being a polynomial function, is continuous in [13] and is differentiable in (1’3), whose
derivative is 3x* —10x—3

Thus,

f(1)=P=5x1*-3x1=-7

f(3)=3"-5x3"-3x3=-27

Therefore,
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F(B)-£(@)_FE)-£()
b—a 3-1
_=21=(=17)

3-1
=-—10

Mean Value Theorem states that there exists a point ¢ € (1.3) such that /"(¢)=-10
Hence,

= f'(¢)=-10

=3¢’ =10c-3=-10
=3¢’ -10c+7=0
=3c¢*-3¢c-Tc+7=0
=3c(c-1)-7(c-1)=0
=(c-1)(3¢-7)=0

:;w:=l,Z {whercc‘:ze(],}]}
3 3

:—;—e (1,3}

Thus, Mean Value Theorem is verified for the given function and ¢

for which f‘r(c) =0

is the only point

Question 6:
Examine the applicability of Mean Value Theorem for all three functions given

(i S (x)=[x] forxe[5,9]
(i) f(,\) = [x] forxe [—2, 2]
(i) _f(x)zxz—lforxe[l,Z]

Mean Value Theorem states that for a function ./ :[@-6] = R , if
(a) / is continuous on [a.b]

(b) f is continuous on (a.b)

: ce (a b) / (‘ ) =
Then there exists some »?) such that b-a
Thus, Mean Value Theorem is not applicable to those functions that do not satisfy any of three

conditions of the hypothesis.

(i) f(x)z[x] forxe[S,‘)]
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Since, the given function /(%) is not continuous at every integral point.

In general, /(%) is not continuous at x=5 and x=9

Therefore, 7(x) is not continuous in [5.9]

The differentiability of / in (3:9) is checked as follows.
Let n be an integer such that /' € (5.9)

The LHD of f at x=nis

e AR F () [’Hh] Ll o e
h—0 h ;:—m h—0 h h—0" A
The RHD of f at x=n is

O e o i L ) NS e, TR

0" h h—0" h 0" R 0"

Since LHD and RHD of / at x=n are not equal, / is not differentiable at x=n
Therefore, / is not differentiable in (5.9).

It is observed that /* does not satisfy all the conditions of the hypothesis of Mean Value
Theorem.

Thus, Mean Value Theorem is not applicable for ./ )=[x] forxe[5,9]

(i) f(,\)z[x] forxe[—Z,Q]
Since, the given function /(%) is not continuous at every integral point.

In general, /(%) is not continuous at x=-2 and x =2

Therefore, J(x) is not continuous in [-2.2]

The differentiability of / in (2:2) is checked as follows.
Let n be an integer such that 7 € (-2.2)

The LHD of f at x=n is
i f(n+h) f(n) [n—i«h] [n] . n=1-n - -1

h—0 h ;:—m h—0 h =0 h
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(iii)

The RHD of / at x=n is
A Al A ) T ) L PO o, P

o0’ h x>0 h 0"k 0"

Since LHD and RHD of / at x=n are not equal, / is not differentiable at x =7
Therefore, / is not differentiable in (-2.2) |

It is observed that /* does not satisfy all the conditions of the hypothesis of Mean Value
Theorem.

Thus, Mean Value Theorem is not applicable for ./ '(x)=[x] forxe[-2,2]

f(x)=x*-1forxeL,2]

Since, / being a polynomial function is continuous in [1.2] and is differentiable in (1:2)

It is observed that f satisfies all the conditions of the hypothesis of Mean Value
Theorem.

Hence, Mean Value Theorem is applicable for / (x)=x"—~1forxe[1,2]

It can be proved as follows.

We have, f(x)=x"~1
Then,

f()=(1y-1=0,
f(2)=(2) -1=3

Therefore,
£(b)=1(a)_£@)=r(1) _3-0
b—a 2-1 1

=3

Hence, f'(x)=2x

Thus,
= f’(C) =3

=2¢=3

=c=1.5 [wht:re I.SE[I,ZH
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MISCELLANEOUS EXERCISE

Question 1:

Differentiate with respect to x the function (3 —9x+35 )

Let ¥=(3x*-9x+5)

Using chain rule, we get

i (hz —91‘-{—5)9

dx dx

8

3x*—9x+5 (3x1—9x+5)

B

).

-9(3x ~9x+5)".(6x-9)

=9(3x ~9x+5) 3(2x-3)
5

—27(3!( —9x+ ](2x 3)

Question 2:
Differentiate with respect to x the function sin® x+cos’ x .

Let ¥ =sin’ x+cos’ x

Using chain rule, we get

b

L < (sin’x) + < (cos"x)

=3sin’ x.i[sinx) +6¢c0s’ x.i(cosx)
dx dx
=3sin’ x.cos x +6.cos’ x.(-sin x)

- . 4
=35mxcosx(51n x—2cos x]

Question 3:

3cos2y
Differentiate with respect to x the function (5x) .


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

)3cu52.t

Let ¥ =(5x
Taking logarithm on both the sides, we obtain

log y =3cos2xlog5x

Differentiating both sides with respect to x, we get

1d = 3[10g5x‘i(cos 2x)+cos QX‘i(log 5"‘)]
v dx dx
dy

v Sy[log 5x.(—sin Zx),%(lt) - cos2x,é.d—i(5x)}

= 3}}[—2 sin2x.log5x + 008 2% ]

. 1

{3cos2x
=F
x

—6sin2xlog Sx}

=[5x)"" [3 COS2% _ Gsin2x log S,r}

X

Question 4:

Sin"(x\/;), UExSI.

Differentiate with respect to x the function

Let ¥ =sin” (xx)

Using chain rule, we get
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Question 5:
-1 X
cos”

—_—= -2<x<2
Differentiate with respect to x the function v2x+7

Using quotient rule, we get
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" V274 o5 |-{cos 7). 4 (V2547

e (\/2x+7)2

-1 d X X 1 d
Vax+7 () —[coslj.. 2x+7
2] 22x+7 dx( )

2x+7
N - 2
2x+7. —[ ‘lx]_
- ) 4-—x 2) 22x+7
2x+7
-1
_ —~2x+7 - cos 5
( 4—x2).(2x+7) (M)(2x+7)
1 cos_lf
= " 2
N ;
AmXNIIET 47

J1+sinx ++/1—sinx

& { - = O<x< %
Differentiate with respect to x the function Jl+sinx —J1-sinx 2

(1)

y—cot" J1+sinx ++/1-sinx
Let J1+sinx —1-sinx

Then,
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\/l+sinx+\/l—sinx_ (\/1+Sinx+\/1—sinx)'
VI+sinx —I-sinx (\/1+Sillx—\/l—sinx)(\/'1+sinx+\/l—sinx)

(1+ sinx) +(1-sin x) + 2\/(1 +sin x)(1-sinx)
(1+sinx)—(1-sinx)

_2+2~J1—sinzx _ l+cosx

2sinx Sin x

1+2cos’“—1  2cos®>
2 2

. X x - O x
2sin —cos —  28in—cos —
2 2 2 2

4
=cot—
2

Therefore, equation (1) becomes,

y=cot” [cot -x-]
2

X
= y==
2

Thus,

b 1d
dx  2dx

Question 7:

log x
Differentiate with respect to x the function (logx)™ ,x>1

Let ¥ =(logx)™"

Taking logarithm on both the sides, we obtain

log y =log x.log (log x)
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Differentiating both sides with respect to x, we obtain

- %d_ctry 2 %[log x.log(log x) |

- id_dxy = log(logx)_%(logx)+logx.%|:log(logx):|
= % - y{log(logﬂ-%ﬂogx logx%('ogx)}

dy  [1 1
= =yl ~ log(log x)+—
o= oetioen)+ |

= . (log X)Iugx {l +—log(log x)}
dx X X

Question 8:

Differentiate with respect to x the function cos(acos x+bsin x) , for some constant @ and b.

Let ¥ =cos(acosx+bsin x)

Using chain rule, we get

i in::(:us(.ﬂ cos x + bsin x)
dx  dx
= —sin(acosx+ bsinx).%(acosx+bsinx)
=—sin(acosx+bsin x).[a(msin x)+ bcosx]
=(asinx—bcos x).sin(acosx + bsin x)
Question 9:
. (sinx-cosx) T 3T
) . ) . (sinx—cosx) R
Differentiate with respect to x the function 4 4

(sinx-cosx)

Let ¥ =(sinx—cosx)

Taking log on both the sides, we obtain
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logy = IOg [(Sinx_ cos x)[sin_\'_m\_;x):l

=(sinx —cos x)log(sin x—cosx)

Differentiating both sides with respect to x, we obtain

i% = di [(sin x—cos x)log (sin x—cosx)]

v b

e log (sin x—cosx).i(siu x —c0s x)+(sin x—cos x).ilog(siux—cos x)
Vv dx i dx

= L log (sin x —cos x).(cos x +sin x ) +(sin x - cos x).;.—'(sinx—cos x)
v dx (sin X —Cos x]

=3 d—" =(sinx—cosx as=sonn) [(cos x+sin x).log (sin x —cos x)+(cos x +sin x)]
X

= % =(sinx—cosx ) (cosx+sinx)[ 1+log (sin x—cosx) |
i

Question 10:

Differentiate with respect to x the function x" +x“ +a* +a“, for some fixed a >0 and x>0.

Let y=x"+x"+a" +a“

Also, let X" =u, x"=v, a"=w and ¢° =5

Therefore,

= y=u+v+w+s
dy du dv dw ds
i B ks RS

= e (1)
dy  dx dx dx dx

Now, u=x"
Taking logarithm on both the sides, we obtain
= logu =logx*

= logu=xlogx

Differentiating both sides with respect to x, we obtain
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Tdu_yo o

d
Tt
ogx.—- (x)

+Xi—
u dx dx

@—u[lo x1+xl}
5 gx.l+x.

X X

(logx)

=x"[logx +1]=x" (1+logx) ..(2)

Now, v =x"
Hence,
dv d g,
@)
dx dx
= ax®”! . (3)

Now, w=a"

Taking logarithm on both the sides, we obtain
= logw=loga"

= logw=xloga

Differentiating both sides with respect to x, we obtain
1 dw

w dx
dw

—=wloga
dx 2

=a*loga (4)

d
:l T . —
oga— (x)

Now, s =a"“

Since a is constant, a“ is also a constant.
Hence,

ds
£ =0 .(5)

From (1), (2), (3), (4) and (5), we obtain

v _

x(1+logx)+ax* "' +a'loga+0
—- =¥ (1+logx) g

=x"(1+logx)+ax’" +a*loga

Question 11:

-3 4
Differentiate with respect to x the function * +(x-3) , for x>3.
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Let V= x'r?_?’ + (IC — 3)-‘-:

Also, let u=x"" and V= (=~3)"

Therefore,

y=u+v
b _didv
de dx dx

Now, u —x"

Taking logarithm on both the sides, we obtain
logu =log (x"'l_a)

= (Jc2 —3)l0gx

Differentiating both sides with respect to x, we obtain

1 du d d
e lo&x;(x —3) (xz—S).a(logx)

| du 1
:b;a=logx.2x+(x3—3),;
z%:x‘z'}[r;B +2x10gx—‘ v 2)
Now, ":(-"_3)r

Taking logarithm on both the sides, we obtain
logv = log(x—3)"'z
=x"log(x-3)

Differentiating both sides with respect to x, we obtain

S —tog(v-3) () +(+). L [log(v-3)]
:%j’x log(x—3).2x+x". x]j%( -3)
3%—1{2xlog(r 3)+% 1}

:>—=( -3)° [—+2xlog(x 3)} i(3)

From (1), (2), and (3), we obtain
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%: 3 [x' 3 +2J\:](ng:|+(3c—3)x2 [ x-3 +2xlog(x—3)]

X X—

Question 12:
d
. _‘y . y
Find dx,if

=12(1-cost),x = lO(z—sim‘),?q <%

The given function is ¥ =12(1—cos?),x=10(z —sin¢)
Hence,
dx d

=—[10(r—sin r)]

dr i
=1 0‘%(t—sin 7)

:10(1—cosr)
dy_d _
o [12(1 cosf)}

:12.%0 —cosr)

=12.[0—(~sin7)]
=12sint¢

Therefore,
ay
dy 4t 12sint
dx  dx _10(l—cosr)
dt

12.2sin i.cosi
2 2

10.2sin? =
2

6
=—cot—
5 2

Question 13:

dy
Find dx,if y=sin”" x+sin"'Vl1-x’,~-1<x<I,

. . . - =1 = =] 2
The given function is ¥ =sin" x+sin~ vI-x
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Hence,

d—y=%[$in"x+sin" \zl—xz:l

dx

= %(sin_] x)+vj—(sin_' =z )
X

d_yz ] + : i( 1—x2)
dx Jl—xz JI—{J]—T)Z dx

1 11 d(l—xz)

+—, —
I-x* X 2J1-x% dx
: (-2%)

1
= +
\/I—x2 2;;‘\./1—3.'2
B 1 3 1
Ji—x® -2

=0

Question 14:
d_y _ 1

2
If XJI+y+yvl+x=0 for —1<x<l,provethatdx (1+x)"

The given function is *V1+» +yVl+x=0
= x\l+y =—yJl+x

Squaring both sides, we obtain
Z(1+y)=y"(1+x)
S +x’y=y"+xn’
= x* ' =t —xy
= x’—y* =xy(y—x)
= (x+¥)(x-»)=x(y—x)
= X+ty=—xy
= (1+x)y=-x
—x
(1+x)

= y=

Differentiating both sides with respect to x, we obtain
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o |00~ 0+)
dx (I+;r)2

(1+x)-x
(]+x)2
1
(l+:'c)2

Hence proved.

Question 15:

If (x—a) +(y-b) =¢ for ¢ >0, prove that it is a constant independent of « and
b.

The given function is (x—a) +(y-b) =¢*

Differentiating both sides with respect to x, we obtain

4 [x-ay ]+ 2 (- |- ()

::>2(}'—ﬂ).%(x—a]+2(y—b).%(y—b)=0
:>2(x—a).1+2(y—b).%=0

Therefore,
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&y _ i{gl

x> dx| y-b

) (}J—b).i(x—a)—(x—a).jx(y—b)]

(v-b)
et 2
(v-b)
i [—(x—a)
(v-)-(r-a{ =) ,_
- (y—b)g [Usmg (l)]

w_'(.v—bf+(x—ﬂ
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—c 1is a constant and is independent of a and b.

Hence proved.

Question 16:

dy cos’(a+y)
If cosy=xcos(a+) with cosa #+1, prove that dr  sina

The given function is €08V =X cos(a+y)
Therefore,

- %[cosy] =di;[x003(a+y)]

= —sin yj—y & cos(a+y)_di(x)+x‘%[cos(a+ )]
X X ;

:D—Sinyj—y= cos(a +y)+x.|:—sin(a+y)]?
R bt

::»[xsin(a—i-y)-siny}%zcos(a+y) (1)

Ccos
= X= 4

Since, COSY = xcos(a+y) cos(a+y)

Then, equation (1) becomes,

{%.sin(awty)—sin y]% = COS (a+y)

= [ cos y.sin(a+ y)—sin y.cos(a + v)]% =cos’(a+y)

ﬂsin(u+y—y)ix—y:cosz(a+y)

dy _cos’(a+y)
drx sina

Hence proved.

Question 17:
d’y
If x=a(cost+tsint) and y=a(sint—tcost) find di? .
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The given function is X = a(cost+tsint) anq y=a(sint—tcost)

Therefore,
dx d )
—= a.—(oos f+1sin t)
ot dt
= a[—sint+ sint.%(t)+ I.%(sin t)]

= a[—sint+sint+toos t]

=atcost

@ = —
dt dt

= a|:cos t— {cos r.% (£)+¢. % (cos r)H

= a[cos t—{cost—tsint}]

(sin f—tcos t)

=atsini

)
ﬁ: dt =ats1nt=tant

dx [dx] atcost

&t
2
d f=i & =i(tanr)=se02f.£
dx*  de\dx) dx dx
2 dt 1
=s8ec L — =4icost —> —=
atcost dr dx  atcost
3
= S¢C t,O <f<£
at
: 3 "
if f(x)=|x , show that J"(x) exists for all real x, and find it.

Ix, ifx=0
x| = _
It is known that L—-’C-_ ifx<0
Therefore, when *2 0. f (x) =|x| =x

In this case, / (¥)=3%" and hence, /" (x)=6x
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When * <0, f(x) =[x =(-x) =—x’
In this case, J'(x)=-3x" and hence, J"(x)=—6x
: 3 "
Thus, for ./ (x)=|A T4 (*) exists for all real x and is given by,
7'(x)= 6x, if x>0
7 6, ifx<0
Question 19:
i ()C” ) o FT.,I”_i
Using mathematical induction prove that dx for all positive integers #.

d
p e L - n—1
To prove: (n) dx(r ) "

For n=1,

P(l):i(x):]:l-xl_l

for all positive integers ».

Therefore, I (1) is true for n=1.

Let P(K) is true for some positive integer k.

Ay ok
That is, P(k)'dx(x )&h

It has to be proved that © (k+1) is also true.

Consider
=5l
=x*.i(x)+x.i(xk) [By applying product rule]

dx dx
=x"1+x-k-x*"

di(xk-rl):xﬁ +er.-
X
=(k+1)-x*

(k+1)- 50
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Thus, P(k+1) is true whenever (k) is true.

Therefore, by the principle of mathematical induction, the statement P(n) is true for every
positive integer ».

Hence, proved.

Question 20:

Using the fact that sin(4+B)=sin Acos B+cos Asin B g the differentiation, obtain the sum
formula for cosines.

Given sin(A - B) =sin Acos B+cos Asin B

Differentiating both sides with respect to x, we obtain

%[sin(/l +B)] =%(sinAcosB)+(—i(cosA sin B)

= cos(4 +B).i(A +B)= cosB.i(sin A)+sinA.i(cosB)+sinB.i(cosA)+cos A.;i(sin B)
i

dx dx dx dx
=5 cos(A +B).£(A 4 B)z cosB.cosAﬁanin A(—sin B)@+ sinB(—sillA).ﬁ+cosAcosB@
dx dx dx dx dx

4, a8 = (cos 4 cos B —sin Asin B).
dx dx

= cos( 4+ B) =cos Acos B—sin A sin B

:>cos(A+B).[ ﬁ+d—8]
dx dx

Question 21:
Does there exist a function which is continuous everywhere but not differentiable at exactly
two points? Justify your answer?

‘x‘ —o<x<]

Consider, {2 -x 1<x<e
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-
.

It can be seen from the above graph that the given function is continuous everywhere but not
differentiable at exactly two points which are 0 and 1.

Question 22:
f(x) g(x) h(x)
y=| I m n —=| [ m n

If @ b ¢ 1, prove that

f(x) &(x) h(x)
y=| I m n

Given, " b &

= y=(mc—nb) f(x)—(lc—na)g(x)+(lb—ma)h(x)
Then,
% =%[(mc—nb)f(x)]—%[(.’c— na)g(x)}L%[(fb—ma)h(xﬂ

=(mc—nb) f'(x)-(lc—na)g'(x)+(Ib—-ma)h (x)
f'(x) g'(x) H(x)

=| 1 m n

a b .
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Question 23:

B (]_xz)dgy Q )
If y=e™ *,—1<x<l showthat * =~ 'dx’ ~ dx

acos ' x

The given function is ¥ =¢
Taking logarithm on both the sides, we obtain

= logy =acos™' xloge

= logy=acos™ x

Differentiating both sides with respect to x, we obtain
e

v dx ﬁ
dy __—ay

d Ji-x

By squaring both the sides, we obtain

d z )
[, 2
dx 1—x°

=

= (1) L] -2y

X

Again, differentiating both sides with respect to x, we obtain

(&) 2t-et2]4] o200

2 2
:t»[ﬁJ (—2.vc)-|-(1—,\r2)><2d—y.ﬂza2 2y Q

dx dx dx? T dx
dy 2 aﬁy 2 [dy ]
= -x—+{l-x")}V—5=a". —#0
P o UE ) = d
d’y _dy
2 . Bl
:(l—x )'dx—z—iz—a y—O

Hence proved.
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